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1. 10 points

Numbers a, b, and c are chosen randomly and independently from the set

{n ∈ Z | − 5 ≤ n ≤ 5}.

What is the probability that the function

f(x) =

{
ax+ b if x ≤ c
x2 if x > c

is differentiable everywhere?
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2. 10 points

Prove that for every positive integer n

n! ≤
(
n+ 1

2

)n

.
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3. 10 points

Let n ∈ N and a1, a2, . . . , an ∈ R be such that

n∑
k=1

ak
4k + 1

= 0.

Prove that the function

f(x) =
n∑

k=1

ak cos((4k + 1)x), x ∈ R

has at least one zero in the interval (0, π/2).
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4. 10 points

Consider the collection of all three element subsets of the set {1, 2, 3, . . . , 299, 300}.
Determine the number of these subsets for which the sum of the three elements is a
multiple of 3.
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5. 10 points

Let Fn denote the nth Fibonacci number (with F0 = F1 = 1). Show that the product of
any four consecutive Fibonacci numbers (FnFn+1Fn+2Fn+3) is the area of a Pythagorean
triangle (right triangle whose sides have integer lengths).
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6. 10 points

Let {a1, a2, . . . , a100} be a set of 100 integer numbers. Prove that this set contains a
subset in which the sum of all elements is divisible by 100.


