RESULTS ON THE 3z +1 AND 3z +d CONJECTURES

DHIRAJ HOLDEN

ABSTRACT. We give results relating to the 3z +1 and 3z +d conjectures,
proposed by Collatz and Lagarias respectively. We prove two theorems
about the Primitive Cycles Existence Conjecture, which give a sufficient
condition for which a primitive cycle will exist for a positive integer d,
and list the first few primitive cycles found using this condition.

1. INTRODUCTION

The Collatz function is defined as

z if t=0 (mod 2)
T(x)=42 . . 11
(@) {3:”2"'1 ifz=1 (mod 2) (L)

for positive integers x (see [2]). The Collatz conjecture states that, for all
positive integers n, TF (n) = 1 for some integer k. This conjecture remains
unsolved, despite repeated attempts to solve it. The function was general-
ized by Lagarias to

Z ifx=0 (mod 2)
Ty(z) = { 2 ! 1.2
a@) {M;d ifx=1 (mod 2) (1.2)

for d relatively prime to 6.

Lagarias developed a generalization of the 3z 4+ 1 conjecture using the
generalized Collatz function. He stated two conjectures about the 3x + d
function relating to cycles. A cycle is defined as a sequence of numbers
n, Ty(n), T2 (n), T3(n),...,T%(n) for a positive integer n and a positive in-
teger d relatively prime to 6 such that T ;(n) = n. A primitive cycle meets
all of these conditions with the additional requirement that n is relatively
prime to d. Lagarias states the Primitive Cycles Existence Conjecture, which
states that for every positive integer d relatively prime to 6, there exists at
least one primitive cycle for Ty(z), and the Finite Primitive Cycles Conjec-
ture, which states that the number of such cycles is finite for any such d (see
[3]). Also, Simons, in [4], proves upper and lower bounds for the number of
primitive cycles of a given length. This paper is a continuation of the work
of Belaga and Mignotte, as shown below.
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Definition 1.1. (Belaga [1]) A Collatz number is a positive integer of the
form 27 — 3%, where j and k are positive integers.

Definition 1.2. (Belaga [1]) The Collatz corona for a Collatz number 29 —3F
as defined by Belaga and Mignotte is the set of integers of the form

3k—1 + 3k—22€1 4 3k—3261+62 + .+ 261+€2+.4.+ek,1
or an aperiodic sequence of positive integers ey, es, ..., € So that
P q p 9
e1+e+...+ep =7

Theorem 1.3 ([1]). n = T*(n) if n = %#, (27 — 3" = Axd, and
Bxn = Axd for some Collatz number B and a number A in the Collatz
corona for B.

The paper proves theorems which are used to state conditions under which
a primitive cycle can occur. The two theorems below are new results, and
the proofs are given in Section 2.

Theorem 1.4. Let q, k, and j be positive integers such that q is relatively
prime to 6, 2 is a primitive root mod ¢, 27 — 3% is positive, k—2+¢(q) < 7,
and 31 — 2k=1 45 relatively prime to q. Then there exist positive integers
e1,€e9,...,e_1 such that q divides

n = 3k—1 + 3k—2261 + 3k—3261+62 4o+ 2€1+62+...+6k_17

and n is in the Collatz corona of 27 — 3F.

Theorem 1.5. Let B be a Collatz number of the form 29 — 3% which is
divisible by some d relatively prime to 6. If 2 is a primitive root of %
k—2+¢ (%) < j, 3k=1 — 2k=1 s relatively prime to g, and if
(3(3k‘—1 _ 2k—1) + 2k_2+5k—1)d
CED

xr =

is relatively prime to d,
where e_1 s the smallest positive value that makes x as defined above
divisible by %, then there exists a primitive cycle for d.

2. PROOFS

Proof of Theorem 1.4. Choose eq,eo,...,e,_1 such that e; = ey =e3... =
ex—2 = 1. Then, let z be defined by the least positive residue of 3~ 4+
3k=29e1 . 4 (3)2erteztFe—2 (mod q) . If 3F71 — 281 s relatively
prime to ¢, z is relatively prime to ¢ because z = 3¢~ 4 3k=22e1 1 4
(3)261+€2+...+6k_2 — 3(3k’—2 +3k—321 +3k—422 4. _|_2k—2) — 3(3k—1 _ 2k’—1)
since e; = ey = e3... = e,_9 = 1. Therefore, there exist an infinite num-
ber of numbers e;_1 such that 261F€2t-Fe-1 = _z (mod ¢) since 2 is a
primitive root of ¢q. Since the order of 2 mod ¢ = ¢(q) as 2 is a primi-
tive root of ¢, the lowest value of ex_; such that n = 0 (mod ¢), where
n is defined as above, is at most ¢(q). If &k — 2 + ¢(q) < j, then n is in
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the Collatz corona of 27 — 3% by the definition of the Collatz corona, since
ek:j—(el+62+...+ek_1). O

Note that the above theorem is not true for arbitrary ¢, j, and k because
if Kk — 2+ ¢(q) is not less than j, or if 2 is not a primitive root mod ¢,
there is no guarantee then that ex_; can be chosen such that g divides
Sk:—l +3k—22€1 4 3k—32€1+€2 Lo+ 261+62+...+6k_1'

Proof of Theorem 1.5. If 2 is a primitive root of g, k—2+¢ (%) < j and

is relatively prime to g, then a number in the Collatz corona

of B divisible by g exists by Theorem 1.4, denoted above by x. This means
that %l is an integer, and since n = %d is a positive integer, by Theorem 1.3,

there exists a primitive cycle for d if n is relatively prime to d. If = defined
above is relatively prime to d, n is relatively prime to d and a primitive cycle
exists for d. O

gk—l _ 2k—1

3. TABLE OF PRIMITIVE CYCLE VALUES FOR SMALL d

The following table gives values of primitive cycles that are generated
by numbers that satisfy the conditions of Theorem 1.5. Theorem 1.5 gives
a sufficient but not necessary condition for a primitive cycle to exist for a
number d. Since Theorem 1.5 depends on the conditions that there exists a
Collatz number B such that 2 is a primitive root of £, that k — 2+ ¢ (g) is
less than j, and that 3*~1 — 281 ig relatively prime to %, not all numbers
satisfy this condition and thus not all values for primitive cycles are listed
in the table. There exist other primitive cycles for some d, such as the cycle
starting with 187 for the 3z + 5 map [4].

d | B/d=qin Theorem 1.4 | j | k | Primitive cycle values[4]

1 |1 211(12

5 |1 3111142
1 53193149 76 38
1 5|3 |23 375829 46

7 |1 41215112010

1115 6121716842

1311 41111842
1 815|211 323 491 743 1121 1688 844 422
1 815|259 395 599 905 1364 682 341 518
1 8 15 | 227 347 527 797 1202 601 908 454

TABLE 1. Primitive cycles given by Theorem 1.5 for small d.
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