Mathematics Department Qualifying Exam : Analysis Spring 2012

Solve eight of the following twelve problems:

1. Let f and g be real-valued functions defined on an open interval containing 0, with g nonzero
and continuous at 0. If fg and f/g are differentiable at 0, must f be differentiable at 07

2. Find the absolute maximum and minimum values of the function f(z,y) = 2% — y? + 2%y +4
on the set D = {(z,y); || <1, |y| < 1}. Find the points at which these values are attained.

3. (a) State the Mean Value Theorem.
(b) The following result is called Rolle’s Theorem:

Let f : [a,b] — R be continuous on [a, b] and differentiable on (a, b). If f(a) = f(b),
then there must be a point ¢ € (a,b) such that f'(c) = 0.

Prove that the Mean Value Theorem and Rolle’s Theorem are equivalent.

4. Let (a,)22; be a sequence of real numbers.
(a) Assume (a,)22, is convergent. Prove using € — ¢ that (the definition of convergent

sequences) ((—1)"a,)32; converges if and only if lim a, = 0.
n—oo

(b) Give an example of a non-convergent sequence (b,)>2; such that ((—1)"b,)52,; converges.
(c) Give an example of a non-convergent sequence (¢, )5 ; such that ((—1)"¢, )22, does not
converge.

oo
n=1

5. Suppose that (a,)
a > 0. Prove that

is a sequence of real numbers such that a, > 0 for all n, and a,, —

3=

lim (aras---ap)
n— oo

= Q.

6. Suppose p > 0. Evaluate
1
i e 2 (2K
=1

Hint: Consider Darboux Sums.

Six more problems on the back!!!




10.

11.

12.

Use Green’s theorem to evaluate the line integral /(10my) dx + (102?) dy along the posi-

c
tively oriented curve C consisting of the line segment from (—3,0) to (3,0) and the top half
of the circle 22 + y? = 9.

. (a) Define what it means for a function f to be uniformly continuous on a set E.

(b) Prove using the definition in (a) that

fal@) = 2(logz)"

is uniformly continuous on [0, 1] for every n € N.

. Suppose [ : [a,b] — R is continuous. Suppose further that for every x € [a, b] there exists a

y € [a, b] such that
1
W)l < S| f(@)].

Prove that there is a point ¢ € [a, b] such that f(c) = 0.
Hint: Find a sequence of points (x,)52; such that f(x,) — 0.

Let (a,)2

> 1, and ()52 be sequences of positive real numbers such that

ap=b;=1 and b,=0b,_1a,—2 for n=23,...

Assume that the sequence (b,,)22 ; is bounded. Prove that

n=1
e’}
Z 1
S = _—
al PR an
n=1

converges, and evaluate S.

Let f be a continuous function on [0, 1]. Prove that
1 1 Yy 1 i 3
[ [ r@swse s =g ([ 5 i)
0 Jx Jx 0

(a) State the definition of L = lim+ f(z). Then explain any differences between L = lim+ flx)
z—0 z—0
and L = lim f(x).
z—0

(b) Find
L= lim (1+ 3z)Y/*

z—0t

State clearly, and in full detail, any theorems you use.




Analysis Qualifying Exam, Solutions Spring 2012

1. Since g is continuous at 0 so

lim g(x) = g(0),

z—0

fg is differentiable at 0 so
f(x)g(x) — f(0)g(0)

lim =11,
z—0 xT
and f/g is differentiable at 0 so
L J@)/9@) = [0)/0)
IE)% T -
and since g(z) # 0, then
Now 0 0)g(0 0 0
l0() + 9(0)] - f(w);f( ) _ f(x)g(x);f( )9(0) _ f(=)g( );g(w)f( )
then take the limit as  — 0 to get
20(0) - lim f(x) ; fO) _ tim f(x)g(x) ; f(0)g(0) + lim (2)g(0) ;g(x)f(0)7

which yields

f@)—f0) b g(0) b
ig% x ~ 29(0) i 2

thus f must be differentiable at 0. g

. First, we find the critical points on the interior of this set. Setting

fe=2x+22y=0 fo=-2y+2*=0
we obtain one solution: x = 0, y = 0, which is in D (otherwise, 2>
solved in R).
Next, we restrict our function to each segment of the boundary:
(i) r=1: f— —y?+y+5. Its derivative is —2y + 1, and hence y = 1/2.

= —2, which cannot be

(ii) x = —1: obtain the same function, so again y = 1/2.
(iii) y =1: f — 222 + 3. Tts derivative is 4z, and hence x = 0.
(iv) y=—-1: f — 3, and the derivative is identically equal to 0. So we have to consider all

points of this segment.
Including the corners, we assemble the following list:

o0 (1) (-vy) 0N feevikdsn o an L)

Evaluating the function at all of these points, we find that the maximum value 5% is attained
1 1
at the points (1, 2) and | —1, 3 ) and the minimal value 3 is attained at (0,1) and on the

segment {(z,—1); |z| < 1}. O

3. (a) Let f be continuous on [a,b] and differentiable on (a,b). Then



for some ¢ € (a,b).
(b) Assume MVT then

/ f() = fla) _
ey = 1O =T
for some ¢ € (a,b). Here using f(a) = f(b).
For the converse consider g(z) = f(z) — (x — a) (a)' Since g(a) = g(b) = f(a) then
there is a ¢ € (a,b) such that ¢’(¢) = 0. But,
g0 = y'te) - 1O
then f'(c) = W’ for some ¢ € (a,b). O

. Assume that lim a, =0. We claim that lim (—1)"a, =0. Let ¢ > 0, we want to find

n—oo

n—oo
N € N such that [(—1)"a,| < &, for all n > N.
But |(—1)"a,| < € is equivalent to |a,| < €. Hence, the convergence of (@) ; to 0 gives us
the N we were looking for.
Now assume that nh_)ngC an = L #0. We know that there is an N € N such that |a, — L| <
|L|/2, for all n > N. This implies that, for n > N, the a,’s are either all positive or all
negative, and |L|/2 < |a,| < 3|L|/2.
It follows that, if WLOG a; > 0 then (—1)k+1ak+1 < 0 and the distance between them is at
least |L|, for all k > N. Hence, ((—1)"a,)52; diverges.
(b) Consider (b,,)22 ,, where b, = (—1)". It follows that ((—1)"b, )32, converges, as it is the
constant sequence equal to 1.
(¢) Counsider (¢,)%%,, given by {1,1,—1,-1,1,1,—-1,—-1,1,1,—-1,—1,---}. It follows that
((=1)™c,)S2, is the sequence given by

{13 717 713 1; 17 713 717 17 17 717 717 13 e }
which diverges. O
. Since a,, — a, given € > 0 there exists an N € N, such that n > N implies |a,, — a|] < €, or

equivalently
a—e<a,<a+e, n > N.

It follows that for n > N, we have
(a1a2---an)(a— 5)”*N < ayag---an < (araz---an)(a+ 5)”*N
or equivalently,

(a1a2...aN) (a1a2...aN)

a—e)" <ayag - an, < a+e)".
(a—E)N ( ) 102 n (a+5)N ( )
Taking n" roots, and letting n — oo yields
. 1
a—e< lim (ajas---a,)™» <a-+e.
n—oo
Since € > 0 was arbitrary, the result follows. O

. Since x,, — 0 there is an N € N such that n > N implies |z,| < e. WLOG assume that
n > N (we can do this since we want to let n — oo anyway) and calculate

T+ T2+ + T
n

T1+ X2+ + TN
n

1 +2To+ - +ITN_1
n

IN




8.

10.

Taking the limit as n — oo of both sides gives

lim r1+Tog+ -+ Ty <e

n—00 n

Since € > 0 was arbitrary the result follows.

3 V9—x2
/(10xy) dx + (102?) dy:// 20z — 10z dA:/ / =0
C D -3J0
O

(a) A function f is uniformly continuous on a set F, if for every € > 0 there exists a § > 0,
such that |z —y| < é,z,y € FE implies |f(z) — f(y)| < e.

(b) Since products of continuous functions are continuous, f,(x) is continuous for every n.
Also, continuous functions on closed and bounded intervals are uniformly continuous, and
the claim follows.

O

. Assume no such ¢ exists. Then, by continuity, f does not change sign on [a,b]. WLOG

assume f(z) > 0 for all @ € [a,b]. Set 21 = a, and let @, be such that f(z,,) < 3 f(zn_1) for
n > 2. We may assume (perhaps after selecting a subsequence) that (z,,) is convergent with
limit m € [a,b]. Then by construction,

0 < flzn) < 2n1,1f(a)

from which we conclude that lim, o, f(z,) = 0. However, by continuity, we must have
0 = limn—oo f(xn) = f(m), a contradiction. Thus a ¢ € [a,b] with f(c) = 0 must exist. O

With a1 = by = 1, it follows that by = ag — 2, by = azas — 2(asz + 1), by = asazas — 2(agasz +
aq +1). In general
b =% a; — 2(apap_1 - a3 + apag_1 - -ag + -+ ax + 1)

Now consider the partial sum
k

1
S, =S
n=1

ie.,

1 1 1 ArGp_ 1 a3 +arap_1---as+---+ap +1

Sp=—+ e — = =14 k@k—1 3 kQk—1 4 k

ai  aiaz ai---ag ai---ag

SO

bk = Hleai — 2Hf:1ai . (Sk — 1) = (3 — 2Sk) . Hleai
Since a; > 0, i > 1 then

by,
3-25,=——
H?:lai
and
lim (3 —2S;) = lim b
k—o0 F o e Hi?:lai.
b
If limy_, oo S = oo then limy_, Hkik = —oo which will be impossible because a;, b; >
i=1%i

0, ¢ > 1 so limg_,o S < 0. Therefore S converges and




11.

12.

Moreover since the sequence (b;) is bounded and positive there exists M > 0 such that
M <0<b; <M,so
~M < (3-28y) -t ja;, < M

or simply
3 M < Sk < 5 + M
2 Fa, P T 27 2F g

and by the squeeze theorem

Note that the region of integration
S={(z,y,2); 0<z<lz<y<lz<z<y}
is one-sixth of the unit cube

R={(z,9,2); 0<2<1,0<y<1,0<z<1}

By rearrangement of x,y, z, the other five regions may be generated. Also, F(x,y,z) =
f(@) f(y)f(2) is invariant to the order of z,y, z. Thus,

/01/11 /y F@) @) f(2) d= dy da é(/;/;/ol F@) W) f(2) dz dy dx>
(e a

(a) L= lim+ f(z) if and only if Ve > 0 36 > O such that 0 < z < § = |f(z) — L| < e.
z—0
L= lir%f(x) if and only if Ve > 0 3§ > 0 such that |z| < § = |f(z) — L| < e.
z—>

The difference is in the types of x’s that are accepted in the definition. In the first definition
we have 0 < x < §, and in the second having |z| < § allows negatives z’s to be considered.

(b) Using continuity of the logarithm we find
In(1+3 3/(1+3

WL lim 2OF3D g 3/(0+3)

z—0+ x z—0+ 1

=3

where the limit is computed using L’Hopital’s rule. Hence,

L=¢



Mathematics Department Qualifying Exam Fall 2011
Subject : Analysis

Instructions : Solve 8 of the following 12 problems :

1. (a) State the e-0 definition of the uniform continuity of a function f: I — R.
(b) Use your definition in (a) to show that the function f : (0,1) — R, where
f(x) = m, is uniformly continuous .

2. Find the surface area of the part of the plane 2x + 6y + z = 10 that lies inside of
the elliptic cylinder 922 + 36y% = 324. Hint: The area of an ellipse is wab, where a
is half the length of the major axis and b is half the length of the minor axis.

3. Let I :=10,1] and let f : I — R be defined by

x for x rational
1 — 2z for z irrational.

Show that f is injective on I and that f(f(x)) = x for all z € I. (Hence f is its own

inverse function!) Show that f is continuous only at the point x = 7

2,,2

x
4. Compute lim ——— if it exists. If it does not exist, write DNE. Prove your
(2,9)—(0,0) 4 + 2y*
answer.

5. Does there exist a function f : [0,1] — R such that (i) f is integrable, and (ii) f has
infinitely many discontinuities? If yes, exhibit such a function. If not, give a proof
supporting your claim.

6. Let (z,) be a bounded sequence and let s = sup {z,|n € N}. Show that if s ¢
{z,|n € N} then there is a subsequence of (x,,) that converges to s.

Six more questions on the back !!!




10.

11.

12.

Let I be the set of positive integers whose digits do not contain the number 9. Show

1
that E — is convergent.
n
nel

. Prove that e” > 1+ /x4 § for all z > 1.

Suppose that I = (0,2), that f is continuous at x = 0 and = = 2, and that f is
differentiable on /. If f(0) =1 and f(2) = 3, prove that 1 € f'(I).

Let I = [a,b] and let f : I — R be continuous on I. If f has an absolute maximum
(respectively, minimum) at an interior point ¢ of I, show that f is not injective on

1.

(a) Show that a differentiable function f(x,y) decreases most rapidly at a point
(0,Yo0) in the direction opposite of the gradient V f(xq, yo)-

(b) Use your result from (a) to find the direction in which the function f(z,y) =
2? + y? — 2%y> decreases fastest at the point (2, —3).

(a) State the e-0 definition of the limit L of a function of one variable at a point
a.

(b) Find

e |
lim .
=12 —1

Use your definition from (a) to prove your answer.




Mathematics Department Qualifying Exam Fall 2011
Subject : Analysis

Instructions : Solve 8 of the following 12 problems :

1. (a) State the e-9 definition of the uniform continuity of a function f: I — R.
(b) Use your definition in (a) to show that the function f : (0,1) — R, where

f(z)

Solution.

= RS EEE is uniformly continuous .
x T

(a) f: 1 — R is uniformly continuous if for all € > 0 there exists § > 0 such that
if |z —y| <0, x,y€l,then |f(x)— f(y)| <e.

(b) Let € > 0 be given and set § = 5. If #, € (0,1) and |z — y| < 4, then
1 1 1 1

222+ 1yt 22+ 1 (224 1)2 (y2+ 1)
(v* +1)? = (2* +1)°
(22 + 1)2(y? + 1)

(v* — 2°)(y* + 2° + 2)
T @y ’
<A|(y +z)(y — 2)|
< 8z —y|
< 8) =-¢.

2. Find the surface area of the part of the plane 2x 4+ 6y 4+ z = 10 that lies inside of
the elliptic cylinder 922 + 36y% = 324. Hint: The area of an ellipse is mab, where a
is half the length of the major axis and b is half the length of the minor axis.

Solution. A vector function for the plane is

r(z,y) =< z,y,10 — 22 — 6y > .

Thus,
%—< 1,0,-2 >
g—;:<0,1,—6>
%x%:< 2,6,1 >




The surface area of a parametric surface is

Surface Area = / /
parameter space

The set of possible values of x and y are all points inside of the ellipse, giving

[ fu =], o

= V/41 - (area of ellipse)
= V41 - 187.

gar

2~ dA.
dy

. Let I:=10,1] and let f: I — R be defined by

T for x rational
1 — 2z for z irrational.

Show that f is injective on [ and that f(f(x)) = x for all z € I. (Hence f is its own

1
inverse function!) Show that f is continuous only at the point x = 3

Solution. Let x1, 25 € I such that f(z1) = f(z2).

Case 1: x1,29 € INQ then z; = xs.

Case 2: 1 € INQ and x9 € I\Q then x; = 1—x5 which implies that zo = 1—x; € Q
a contradiction.

Case 3: o € INQ and z; € I\ Q. Similar to Case 2.

Case 4: x1,25 € I \ Q then 1 —zy =1 — x5 implying z; = x.

Thus f is injective on I. Note that if z € INQ then f(z) e INQandif z € I\ Q
then f(z) € I\ Q. So

f(x) ==, ifzelnQ
fA—z)=1-(1—-2)=2, ifzel\Q.

Finally, let = € I and consider an arbitrary sequence (z,) C I NQ such that x,, — x
as n — oo. Clearly f(x,) = x, for n > 1 and lim,_, f(2,) = lim,_0c z, = .

Next consider an arbitrary sequence (y,) C I\ Q such that y, — z as n — oo.
Clearly f(yn) =1 — vy, and lim,, . f(yn) = limnTOO 1 — 1y, =1 — xz. Therefore if f

is continuous at x, then x =1 — z implying x = 3

2,2

x
. Compute lim 4—3/ if it exists. If it does not exist, write DNE. Prove your
(2.9)=(0,0) x4 + 2y
answer.



2,2
x

Solution. The limit does not exist. Along the curve y = x, we get that ~ lim S
(z,y)—(0,0) x4 —+ 2y4
22y?

im ————

(z,2)—(0,0) Tzt + 2y4
222

im ——= lm —=

(@y)—(0,0) z* + 2y*  (2,00=(0,0) x*

1
=3 On the other hand, along the curve y = 0, x # 0, we have

. Does there exist a function f : [0,1] — R such that (i) f is integrable, and (ii) f has
infinitely many discontinuities? If yes, exhibit such a function. If not, give a proof
supporting your claim.

Solution. Consider the function

o) = 1 if x:%forsomenEN
V=1 0 otherwise

f has infinitely many discontinuities. However, f is integrable on [0, 1]. To see this,
let € > 0 and note that if P is any partition of [0, 1], we have L(f, P) = 0. Thus, it
remains to show that there exists a partition P of [0, 1] such that U(f, P) <e. To
this end, note that there exists an N € N, such that % < 5. Consider the partition

€
P - {07 EaxN—lny—lwa—%yN—% eI, = 1}

where [zx_;, yn_;] i an interval centered at ﬁ with length 577, and K > 1 is

chosen so that there is no intersection between these intervals. Then, one sees that
€ €
Uf,P)<1- =4+ N——<¢
(£, P) < 2 + 2NK

and hence U9f, P) — L(f, P) < e. We conclude that f is integrable on [0, 1] with
integral equal to 0.

. Let (x,) be a bounded sequence and let s = sup{z,|n € N}. Show that if s ¢
{zn|n € N} then there is a subsequence of (z,) that converges to s.

Solution. Recall the equivalent definition of the supremum. s = sup {z,|n € N} if
and only if for every e > 0 there exists an z; such that z; > s —e.

Now we will prove the statement by construction. Assume that s ¢ {x,|n € N} so
there are some terms of the sequence x; > s — 1 for some ¢ > 1. Call the first of
these is, n; so ny > 1 and x,, > s — 1. Next there are again some terms of the

sequence r; > § — 3 for some ¢ > 1. Choose the first of these is that is greater than
1
ny and call it ny. So ny > ny and x,, > s — 3 Repeat this process to get in general

1 . 1
nk>nk_1andxnk>s—E. Smces>xnk>3—Ethenxnk—>sask—>oo.

Six more questions on the back !!!




7. Let I be the set of positive integers whose digits do not contain the number 9. Show

1
that E — is convergent.
n
nel

Solution. Notice that

1 1
1+=+4 = +2<9-1 = 9
+2+3+ +8
1+1 +1<9 19
10 11 18 10 10
1+1+ +1<9 L _ 9
80 81 88 80 80
1+1+ 1 — 9 19
100 101 108 100 100
1 1 1 1 9

110~ 111 118 110 110

Thus
R WA O I [ (R L
=n 10 2 3 8 10\10 1 18
81 81 81
< 9 — b

10 ' 100 ' 1000 '

— 1
= 9481 —.
£ 10

1
Thus we conclude that E — < o0 by the comparison test.
n
nel

8. Prove that e® > 14 /z + § for all 2 > 1.
Solution. We note that

>k 2 3 n
x x T T

k;ok! 2 3! n! B
>Oi‘f,x21

2
> 1+x+%21+\/5—|—§ (x>1).

9. Suppose that I = (0,2), that f is continuous at x = 0 and = = 2, and that [ is
differentiable on /. If f(0) =1 and f(2) = 3, prove that 1 € f'(I).

Solution. Consider the function g defined by g(z) = f(z) — . Clearly g is con-
tinuous on [0, 2] (continuous at 0 and 2 because f is, and continuous on I since f



10.

11.

12.

is differentiable hence continuous on ). Moreover g is differentiable on I as the
difference of two differentiable functions on /. Finally ¢(0) = f(0) —0=1-0=1
and g(2) = f(2)—2 = 3—2 = 1. Therefore by Rolle’s theorem there exists a number
¢ € I such that ¢'(c) = 0 that is f'(c) — 1 = 0 which is f’(¢) = 1. Thus 1 € f'(I).

Let I = [a,b] and let f : I — R be continuous on I. If f has an absolute maximum

(respectively, minimum) at an interior point ¢ of I, show that f is not injective on
1.

Solution. Without loss of generality, assume that f has an absolute maximum
at an interior point c¢. Let y € {max (f(a), f(b)), f(¢)}. Applying the Intermediate
Value Theorem to the function f restricted to (a, ), there exists z; € (a, ¢) such that
y = f(x1). Similarly, by applying the Intermediate Value Theorem to the function
f restricted to (c, b), there exists x5 € (¢,b) such that y = f(z3). So f(z1) = f(x2)
but x1 < x5. Thus f is not injective on I.

(a) Show that a differentiable function f(x,y) decreases most rapidly at a point
(0, Y0) in the direction opposite of the gradient V f(xq, yo)-

(b) Use your result from (a) to find the direction in which the function f(z,y) =
r? + y* — 2%y3 decreases fastest at the point (2, —3).

Solution.
(a) Recall that Dzf = Vf -4 = |V f]|u|cos@. Thus the directional derivative is

largest in the negative when cosf = —1 or when # points in the opposite
direction of Vf.

(b) We calculate
V(2 —3) = (112, —114) .

It follows that f decreases fastest at (2, —3) in the direction of @ = (—112,114).

(a) State the e-6 definition of the limit L of a function of one variable at a point
a.
(b) Find
. ori—1
lim
rx—1 1,‘2 — ]_

Use your definition from (a) to prove your answer.
Solution.
(a) lim,,, f(z) = L if for all £ > 0 there exists § > 0 such that if |z — a| < 0,
[f(z) = L] <e.

(b) We can determine using L’Hospital’s rule that the limit is equal to % Thus, it
remains only to show, using the definition of limits, that this is true.



Let € > 0 be given. Let § = e. Then, for |z — 1| < 4,

-1 3 (z—1)(z*+x+1) 3
x2—1_§‘ (z—1)(z+1) _5‘
?+z+1 3
z+1 _5’
_2x2—x—1
] 2@+ 1) ‘
_(:E—l)(Q:E—Fl)’

2 + 2
20+ 1
2 + 2

= |z — 1]

< |z —1]
<e&.




Mathematics Department Qualifying Exam Spring 2011
Subject : Analysis

Instructions : Solve 8 of the following 12 problems :

1. (a) State the -9 definition of the continuity of a function f: D — R at the point
T =a.

(b) Use your definition in (a) to show that the function f : R — R, where

0=

2. Prove or disprove. Let F = (y,z) and let A and B be the curves

, is continuous at r = —1.

Then

2 2
‘xn+1 - ‘rn‘

3. If |z, < 2 and |zp40 — pga] < 3

sequence.

, show that {z,}>2, is a convergent

4. Use the method of Lagrange multipliers to find the maximum and minimum of the
function

fla,y) =y* — 42
subject to the constraint
2 + 2y = 4.

5. Let f : R — R be a one to one function. Show that there exists ¢ € R such that
f(c®) —[f(e)]? < 1/4. (Hint: Consider the map ¢t — ¢ — t?)

q
6. Suppose that f is integrable on [a,b] such that / f(z)dz = 0 for all rational ¢ €

[a,b]. Must f be identically zero? Justify your answer.

Six more questions on the back !!!




7. Find all points where the function f(z) = |z[P,p € R" is differentiable. How does
your answer depend on the number p?

8. Prove that o
lim|[s,| =0 if and only if lims, =0

9. Prove or disprove. If f and g are uniformly continuous functions on some interval
I in R, then max(f, g) is uniformly continuous on I.

10. Evaluate

Ym
/ / x* cos(x?y) dwdy.
0 y

11. (a) State the Mean Value Theorem.
(b) Use the Mean Value theorem to prove that

h
\/1+h<1+§

for all A > 0.

12. Compute
2
lim (cos ) 1/*
z—0




Mathematics Department Qualifying Exam Spring 2011
Subject : Analysis

Instructions : Solve 8 of the following 12 problems :

1. (a) State the e-0 definition of the continuity of a function f: D — R at the point

T =a.
(b) Use your definition in (a) to show that the function f : R — R, where
r) = ———, is continuous at x = —1.
0= 7
Solution:

(a) f is continuous at a € D if for every ¢ > 0 there is a 6 > 0 such that if x € D
and |z — a| < 0, then |f(x) — f(a)] <e.
1
(b) f(1) = 7 Pick € > 0. Set § = min (1, g) Let = € R such that |z + 1| <.

Then, |[x 4+ 1] < 1, and so =1 < 2z + 1 < 1. Therefore, -3 < x —1 < —1, and
so |z — 1| < 3. In addition.

ﬂm(\mm) > \/§\/T(\/§+\/I) > 1.
Thus,

1 1 V222 +1 V24 Va?+1
‘m‘ﬁ“ V2V 1 V24 Va1
2— (22 +1)
VP FL(V2 VP 1)

<‘1—x2|
=1 —z||1 + x|
< 39

<e

2. Prove or disprove. Let F = (y,z) and let A and B be the curves

Ay=a? _

B:y:\/m—Fl —

/ F-dr:/ F-dr
A B

Then



Solution: The vector field F = (y,z) is conservative (it has f(x,y) = xy as a
potential function). Thus the fundamental theorem of line integrals states that any
two curves that start and end at the same point will have the same integral over
the vector field F.

x? x
I x| <2 and |zpae — 2] < ‘ "+18 21 show that {z,}22, is a convergent
sequence.
Solution: First, we see that
2 2
‘xn—i-l - xn‘ _ ’$n+1 - xn| |-Tn+1 + l'nl < ’xn+1 - $n|
8 8 - 2 ’

|l‘2 —fl\

~ Then, we can show that the

[terating, we see that |, — zpi1] <
sequence is Cauchy, so it converges. Let € > 0 be given and choose N € N where
N > .

eln2

then

If m,n > N, and we assume without loss of generality that n > m,

|xn - xm| - |xn —Tp-1t+Tp-1—Tpo+- -+ Tm+1 — CCm|

< v — Zpoa| + [Tt — Tpa| + - | Ting1 — T

1 1 1
S |.1'2 o 1'1’ 2n—2 + 2n—3 +oe Tt 2m—1
<427 (2422420 420
=422 —27")
4
oN
g

IN

A\

. Use the method of Lagrange multipliers to find the maximum and minimum of the
function

f(x,y) = y2 —41‘2

subject to the constraint
2 + 2y = 4.

Solution: The equation Vf = AVg gives two relations. Adding to these the
constraint we have the following system of equations to tackle:

—8r = Az

2y = My
?+22 -4 = 0.



Solving this system we see that if =0, y = +v/2. If y = 0, x = +2. Since Vg # 0
anywhere on the constraint, we conclude that A # 0, and hence x and y can’t both
be non-zero simultaneously. Computing the function values we see that

£(0,£v2) =2
and
F(£2,0) = —16.

We conclude that the minimum of the given function is —16 and its maximum is 2
on the given constraint.

. Let f : R — R be a one to one function. Show that there exists ¢ € R such that
f(c?) = [f(c))? < 1/4. (Hint: Consider the map ¢ — t — t?)

Solution:  Consider the function g(t) = t — t>. Tt is clear that g(t) < 1/4,
and ¢(t) = 1/4 if and only if ¢ = 1/2. Observe that if ¢ = 0 or ¢ = 1, then

f(@) = [f()? = f(c) = [f(0)]* = g(f(c)). If f(0) # 1/2, then g(f(0)) < 1/4. If
f(0) =1/2, then f(1) # 1/2 since f is 1-1. Thus ¢g(f(1)) < 1/4. In either case we
found a ¢ € R such that f(c?) — [f(c)]? < 1/4 as desired.

. Suppose that f is integrable on [a, b] such that / f(x)dx = 0 for all rational g €
[a,b]. Must f be identically zero? Justify your answer.

Solution: The answer is no. Consider any function f, which is identically zero on

[a, b] except for finitely many points, where the function value is 1. Such a function

is clearly integrable on [a,b] and has integral equal to zero. In addition, it satisfies
q

the condition that / f(z)dx = 0 for all rational g € [a, b], since

0< /aqf(x)dx < /abf(x)dx =

NOTE: If in addition we were to require that f be continuous on [a, b], the answer
would be yes, essentially by the density of Q in R.

Six more questions on the back !!!




7. Find all points where the function f(z) = |z[P,p € R" is differentiable. How does
your answer depend on the number p?

Solution: We can rewrite our function as

zP x>0

f@):{ () <0

JFrom this formulation it is clear that f is differentiable at every point in R except
maybe at 0, since it is a monomial on the negative and positive half axes. Using
the definition of the derivative at zero we see that

lim M: lim E: lim hp—lz(): lim f(h)—f(())

ly if p > 1.
h—0+ h h—0t+ h h—0+ h—0— h only itp

hence the function is differentiable at zero only if p > 1.

8. Prove that o
lim|s,| =0 if and only if lims, =0

Solution:
lim|s,|:= lim sup{|s,|:n > N} =0
N—o00

Let € > 0, then there exists Ny such that whenever n > Ny then |s,| < e which
implies that lim,,_,, s, = 0.

Conversely if lim,,_o s, = 0 then lim s, = 0 thus lim |s,| = 0.

9. Prove or disprove. If f and g are uniformly continuous functions on some interval
I in R, then max(f, g) is uniformly continuous on I.

Solution: Note that ] )
max (a,b) = 5(@ +0b)+ §|a —b)

for all a,b € R. Therefore

max (f,g) = %(f+g)+%|f—9|

Since f, g are uniformly continuous on I, so are f + g and f — g. Also since f — g
is uniformly continuous on I, so is |f — g|. Hence

%(f +9) + %If — gl =max(f,g)

is uniformly continuous on 1.



10. Evaluate

11.

Ve i
/ / r* cos(z?y) dxdy.
0 y

Solution: Define R = {(z,y)|ly <z < Jm,0 <y < 7}

Then, the given integral can be rewritten as / / zt cos(z?y) dA, where R is classi-
R
fied as a type II region.

We will change the order of integration by reclassifying R as a type I region, that
is, R={(z,y)|0 <z < Im,0<y <z}

Then, we can rewrite the integral as,

Yr oz 92
// z* cos(z?y) dA = / / z* cos(2?y) dydr = 3 (with a simple computa-
R 0 0

tion).

(a) State the Mean Value Theorem.
(b) Use the Mean Value theorem to prove that

h
\/1—|—h<1+§

for all A > 0.

Solution:

(a) Let f : [a,b] — R be continuous on [a,b] and differentiable on (a,b). There
there exists a point ¢ € (a,b) such that

1) = fa)

flo=55—

(b) Let © = 1+ h. Then h > 0 implies that = > 1. Since h = x — 1, the desired

(z —1)

inequality can be rewritten as vz < 1 + 5 ; l.e.,
-1 1
veol 1 (1)
r—1 2

Since f(x) = y/z is differentiable for z > 0, consider the interval [1, z]. Since
f(z) is continuous on [1, z] and differentiable on (1, x), we may apply the Mean
Value Theorem. Thus, there exists ¢ € (1,x) such that

PR

x—1 rx—1"




1
But, f'(c) = 2_\/5 So, we have

1
< a)
-2
which is (77).
12. Compute ]
lim (cos z)/®
r—0
Solution: Let
2
y = (cosz)®
hence
B Incoszx
Iny = o
Apply L’Hospital rule to get
. . Incoszx . —tanx
limIny = lim ;— = lim - __
x—0 z—0 €T z—0 21 2
therefore
2
lim (cos )'/*" = ¢71/2

z—0




Mathematics Department Qualifying Exam Fall 2010
Subject : Analysis

Instructions : Solve 8 of the following 12 problems :

1. (a) State the e-d definition of the uniform continuity of a function f: I — R.
(b) Use your definition in (a) to show that the function f : (0,1) — R, where

f@) =

is uniformly continuous .
+ 1’

2

2. (a) Show that the maximum value of z?y*2? on a sphere of radius r centered at

r2\?
the origin is <§) .
(b) Use (a) to show that for non-negative numbers a, b, and c,

a+b+c

be)s <
(abc)s < )

3. Let 1 =sin(1) and 4.1 =1 — /1 — x, for all n > 1.

(a) Prove that 0 <z, <1 for all n > 1.
(b) Prove that the sequence (x,),>1 converges. What is the limit?

8 1
/ / e’ dydzx.
0 IVE

5. Prove that {(n%l, ﬁ) n=23,4,.. } is an open covering of (0, 1) that does not

contain a finite subcovering of (0, 1).

4. Evaluate

6. Let ag,ai,...,a,,... be a sequence of real numbers that converges to a limit L.
Prove that the series .
Z(an—H - 2an + an—l)
n=1

converges and find its value.

Hint: What are the partial sums of the series?

Six more questions on the back !!!




10.

11.

12.

Let a,b € R with a < b and @ > 0. Find all functions f € C'((a,b)) such that
f'(z) # 0 for all z € (a,b) and f'(z) = a(f~1)(f()).

Consider the function
flz) =

Prove that f is continous at x = 0 but discontinuous everywhere else.

{:p ifrxreQ

0 elsewhere -

Suppose that «, f € R with a@ # 8. Suppose that f : [a,b] — R is continuous so

that
/f dt+ﬁ/ 1)

for all ¢ € [a,b]. Prove that f(z) =0 for all ¢ € [a, b].
Hint: Use the Fundamental Theorem of Calculus.

Let F,G : R? — R® be differentiable. Prove that

VA(FxG) =(VxF)-G-(VxG)-F
Note that V - F = divF and V x F = curl .

(a) State the Mean Value Theorem.
(b) Use the Mean Value Theorem to prove the following:

Let f be differentiable on R such that f(0) = 1 and |f'(z)| < 1 for all
x € R. Then |f(x)] < |z|+ 1.

Suppose that f is continuous on [a, b] and that

P(z) = sup f (a, 2]).

Prove that F is continuous on [a, b].




Mathematics Department Qualifying Exam Fall 2010
Subject : Analysis

Instructions : Solve 8 of the following 12 problems :

1. (a) State the e-0 definition of the uniform continuity of a function f: I — R.

(b) Use your definition in (a) to show that the function f : (0,1) — R, where
1
flz) = FERE
Solution: (a) f is uniformly continuous on I if and only if for all € > 0 there exists
a 6 > 0 such that if |z —y| <9, x,y € I, then |f(z) — f(y)| <e.
(b) Let € > 0 be given and set § = 5. If z,y € (0,1) and |z — y| < 6, then

is uniformly continuous .

1 1 y—x
x2+1_y2+1': (22 + ‘
($+y ‘
(2 +1) (2 +1)
<2z —y|
< 20 =e.

2. (a) Show that the maximum value of z%y?2? on a sphere of radius r centered at

r2\°
the origin is <§) .

(b) Use (a) to show that for non-negative numbers a, b, and c,

a+b+c
3 .

wl—=

(abc)s <

Solution:

(a) We will use the method of Lagrange multipliers. Let P(z,y,z) be any point
on the sphere of radius r centered at the origin.
Define f(x,y,2,\) = 2%y*2% — XN(2? + y* + 2% — r?). Then,
fo = 22y%2% — 27,
fy = 22%yz% — 2y,
f. = 22%%2 — 2)\z,
Hh=—(22+y*+ 22 —r?).
Setting each to zero (ignoring trivial solutions) and solving, we get,
A=y’z?,
A\ = 2222,



A\ = 2?2,
2?2+ + 22 =1
This implies 2? = y? = 22 = r?/3 and hence, the maximum value (by a logical
reasoning argument) of z%y?z? is (r?/3)3.

(b) Define a = z%,b = y* ¢ = 2% to be three non-negative real numbers. From (a),
we have,

b

abe < ((a +b+¢)/3)* = (abe)'/? < %

3. Suppose z, is a sequence of real numbers converging to 0. Prove that

lim £U1—|-$2—|-"'+£En:0‘

n—o0 n

Solution: Since x, — 0 there is an N € N such that n > N implies |z,| < e.
WLOG assume that n > N (we can do this since we want to let n — oo anyway)
and calculate

T1+ZTo+ -+ Ty
n

T +To+ - +TN-1
n

. |
+D
i=N

— N
E(n )
n

I1+.Z'2+"'+JIN_1
n

Taking the limit as n — oo of both sides gives

. i taxat--+ o,
lim

n—00 n

Since € > 0 was arbitrary the result follows.

3 1
// e’ dydzx.

Solution: Define R = {(z,y)|0 < x < 3,\/zx/3 <y <1}

4. Evaluate

Then, the given integral can be rewritten as / / ev’ dA, where R is classified as a
R
type I region.

We will change the order of integration by reclassifying R as a type II region, that
is, R={(z,y)|0 <2z < 3y%0<y<1}.

Then, we can rewrite the integral as,

1 3y?
/ / e’ dA = / / v’ dxdy = e — 1 (with a simple computation).
R 0o Jo



5. Let f : [a,b] — R be a function that satisfies 0 < ¢ < f(z) for all € [a,b] and
some ¢ > 0.

(i) Prove that if f is integrable on [a, b], then so is v/f.

(ii) Show that the converse is false, i.e. give an example of a function f and an
interval [a,b] such that /f is integrable on [a, b] but f is not.

6. Let ag,ai,...,a,,... be a sequence of real numbers that converges to a limit L.
Does the series
o
Z(an+1 - 2an + an—l)
n=1

converge? If so, what is its value? Justify your answer.

Solution: Consider the partial sum

N N
Z(an—H - 2a, + an—l) = Z(an—l—l —Qp + Gp_1 — an)
n=1 n=1
N N
= Z(anJrl - an) + Z(anfl - an)
n=1 n=1
= aN4+1 — Q1 + g — an
SO
o0 N
Z(anﬂ —2a, + a,_1) = lim Z(an+1 — 20, + Qp_1)
n=1 N=voo n=1

=lim N — oco(ayy1 — a1 + ag — ay)
:L—CL1+CLO—L

= ag — ap.

Six more questions on the back !!!




10.

11.

Suppose a < b and a,b € R. Find all functions f : (a,b) — R such that f'(z) # 0
for all z € (a,b) and f'(z) = a(f~)(f(x)).

Solution: We are looking for all functions f such that f'(z) # 0 and f'(z) =
a(f~1)'(f(x)) for all x € (a,b). Since f is continuous and 1 — 1 we conclude that
f is either strictly increasing or strictly decreasing. We use that inverse function

theorem to get
a Q@

PO = 5= ~ 76
It follows that f/(x) = \/a, or f(x) = y/ax + k where k is any constant.

Find all points in R where the function

sinz x€Q

f(x):{ 0 =z else

is differentiable. Justify your answer. Do the same for f2.

Suppose that «, 5 € R such that « # 3. Suppose that f : [a,b] — R is continuous

so that
/f dt+5/ 1)

for all ¢ € [a, b]. Prove that f(z) =0 for all ¢ € [a, b].
Solution: We have a # . Define

) = a/:f(t)dt+ﬁ/:f(t)dt - a/:f@)dt - B/bmf(t)dt

Using FTC we see that F'(x) = (o — ) f(x) for all x € [a,b]. On the other hand
F(c) =0 for all ¢ € (a,b) by hypothesis. It follows that since a # 5 we must have
f(z) =0 for all z € (a,b). Since f is continuous on [a,b] we conclude that in fact
f(z) =0 for all z € [a,b].

A shipping company requires that the sum of length plus girth of rectangular boxes
must not exceed 108 in. Find the dimensions of the box with maximum volume that
meets this condition. (The girth is the perimeter of the smallest base of the box.)

(a) State the Mean Value Theorem.
(b) Use the Mean Value Theorem to show that for all z € R, |sinz| < |z].

Solution: (a) Let f be differentiable on an open interval I. For all a,b € I with
a # b, there exists a ¢ between a and b such that

f(0) — f(a)

8~ ).



12.

(b) Let f(z) = sinx and let z,y € R. We want to show that |sinz —siny| < |z —y|.
If x = y the result is trivially true. Without loss of generality, assume that = < y.
The function sinz is continuous on [z, y] and differentiable on (z,y). So, we can
apply the Mean Value Theorem to say that there exists ¢ € (z,y) such that

sinz — siny

f'(c) =Ty Le.,
sinx — siny
coSCc = —— | SO
r—Yy
| | sinx — siny
cosc| = |[——|.
r—y

sinx — siny

Since |cosc| < 1,
r—y

‘ < 1. Therefore,

|sinz —siny| < |z — y.

Set y = 0, and the conclusion follows.

Suppose that f is continuous on [a, b] and that

F(z) = sup f ([a, 7)),

Prove that F is continuous on [a, b].

Solution: First let us prove that F' is monotone. Indeed let a < 1 < x5 < b then
la, z1] C [a, z3]. Therefore

f([a,21]) € £ ([a, 72])
then
F(x1) = sup f ([a, 71]) < sup f ([a, 22]) = F(x2).

Let zg € [a, b], and consider a sequence {2, }nen C [a, b] that converges to zg. Since
f is continuous, we can choose € > 0 small enough to have

flxo —€) = f(zo) = f(xo +e).

Hence
F(zg—¢€) = F(xo) = F(xo +€).

Since (z,,) converges to zg there exits N such that n > N implies
Tog— €< x, <X+ €
Since F' is monotone then

F(zg—€) < F(z,) < F(zo+¢) forn > N



hence
lim F(xg—¢) < lim F(z,) < lim F(zo+€)
n—oo

n—oo n—oo
F(xg—¢€) < lim F(x,) < F(xq+€).
n—oo

Thus
lim F(z,) = F(x).

n—o0




Mathematics Department Qualifying Exam Spring 2010
Subject : Analysis

Instructions : Solve 8 of the following 12 problems :

1. (a) State the e-d definition of the continuity of a function f: D — R at the point
T =a.

1s continuous at

(b) Use yolur definition in (a) to show that the function 5 1
r=-1

2. Find the volume of the region bounded above by the spherical surface 22 +y?+2% = 2
and bounded below by the paraboloid z = 22 + 3%

1/x2?
3. Evaluate the following limit: lim ( ‘x )
z—0 \Sin =

4. Find the points on the surface

rylz =2
that are closest to the origin.
5. Let s, be a sequence defined recursively as follows: s; = a,s9 = b and s, =
1
§(sn_1 + sp_2) for n > 2, and a,b € R. Find lim,,_, 5.

(Hint: Notice the following:

ss=a+(b—a)

ss=a+(b—a)— 3(b—a)
si=a+(b—a)—3(b—a)+1(b—a)
ss=a+(b—a)—3(b—a)+30b—a)—1(b—a)

Now prove a general formula for s, by induction.)

6. Let g(z) = ||| — 1].

(i) Find (with proof: justify your answer) all points where ¢ is not differentiable.
2

(ii) Prove (justify your answer) that g is integrable on [—2, 2], and find / g(x)dx.
-2

Six more questions on the back !!!




7. Suppose Z a, is an absolutely convergent series such that a,, # 0 for all n > 1 and

n=1 f o
’ exists. Prove that the series Z f(ay)

n=1

f R — R is a function such that hm

is absolutely convergent.

8. Suppose that f, g are bounded, uniformly continuous functions on some set S C R.
Prove that f - ¢ is uniformly continuous on S.

9. Consider the function f : [0,1] — R given by

Lo (L 1
n TS \onon o1
flz) = n=1,234,...

1 1 1
R I-E ’_
n 2n+1 2n

Prove any way you can that f is integrable on [0, 1].

10. Let f, g be functions with continuous second-order partial derivatives in the region R
bounded by the piecewise smooth simple closed curve C'. Use Green’s first identity

given below
¢ 19gends= [[ (T -V9)+ Vs Vglda
C R

to prove Green’s second identity

$¥a =99 nds= [[ (N7 Vo)~ ()7 - V)]

11. (a) State the Mean Value Theorem.

(b) Use the Mean Value Theorem to show that if f is continuous on [3,5] and
differentiable on (3,5), and f(3) = 6, f(5) = 10, then for some point z; in
the interval (3,5), the tangent line to the graph of f at xy passes through the
origin.

/(@)

(Hint: Consider the function g(z) = —=.)
T

12. Let f : [a,b] — be continuous and strictly increasing on [a,b]. Prove that for
any non-empty subset E of [a,b], we have that sup f(F) = f(sup E). (recall that

f(E) ={f(z): z € E}).




Solutions to 2009 Fall Analysis Qualifying Exam questions

Problem 1.
(a) State the ¢ — 6 definition of continuity of a function f : D — R at a point a.

is continuous at

(b) Use your definition in () to show that the function f(x) = — —
x=-1

Solution: f is continuous at a € D if for every ¢ > 0 there is a 6 > 0 so that if [x —a| < 6,

and x € D, then |f(x) — f(a)| < €. Next, we note that f(-1) = % We then calculate

2 1] 3222 2(x - 1)
f) = fE=DE = x2+2_§‘_ 302 1 2) _‘3(x2+2)‘
2(x —
‘ 2)" -

-1)

3(x2 > < =, and hence

Let 6 = min{}, ¢}. With this choice we see that if |x — (—1)| < 6 then
If(x) = f(-D)] <e.
Problem 2. Suppose f : R — R satisfies

[f() = f(W)l < lx =yl
for some o > 1. Show that f must be a constant function.
Solution: Fix x € R and take y # x. Since a > 1, dividing through by |x — y| # 0 we obtain

If () — W)

<lx-yl*t >0
lx — vl Y

as y — x. This means that (i) f is differentiable at x € R and f’(x) = 0. Since x € R was
arbitrary, we conclude that f is a constant function.

1A
f f In (1 + y**)dydx.
0 Jx?

Solution: The region of integration shown on Figure 1 is equivalent to the region
={(x,y) ER*:0<x< y,0<y<1}

Problem 3. Compute

So
f f tn (1 +y*)dydx = f f In (1 + y*2)dxdy = f V7In (1 + y*P)dy
Let
M:1+y SO du:i\/ydy
and

1 2
f\/yln(1+y3/2)dy=§flnuduz%(ulnu—u)ﬁ:%(Zan—l).
0 1

1



L L L L L L L L
0.1 0.2 0.3 0.4 05 0.6 0.7 0.8 0.9 1
X axis

Ficure 1. The region of integration with0 < x < land x¥* <y < 1.

Problem 4. Suppose that {x,} satisfies
1
(n+ D[In(n + 1)]*

|xn - xn+1| <

Prove that {x,} is a Cauchy sequence.
Solution Note that if n > m, then
bew = x| < o = Xl + 1 = Xl o P — X
1 1 1
+ +ooe
n[in(n)]>  (n - 1)[In(n - 1)J? (m + 1)[In(m + 1)]?

= 1
) kZ KIn(o)P

il
Since the series Z IO is convergent (use the integral test) we have that given any
k=2

e > 0 thereis an N, so that if m > N then

Z % <eE&.
L, K@)

Thus if n,m > N, then [x, — x,,| < € and the sequence is Cauchy, as desired.
2



Problem 5. Find all points in R where the function

sinx xe€Q

f(x)={ 0 x else

is differentiable. Justify your answer. Do the same for f2.

Solution Note first that the only rational number g so that sin(g) = 0is g4 = 0. It follows
that f is not even continuous at any point other than possibly at x = 0. If g,, is a sequence
of rational numbers converging to 0. We then have

f@) - fO| _|f@n] _ |sing,
q” - 0 Qn qn

If we choose an irrational sequence i, converging to 0, we see that

)f(in) — fO) _ |fGn)
in—0 In

It follows that f is not differentiable anywhere on R. If we consider now f?, we still
have that this function is discontinuous everywhere except at 0. So we need to check
differentiability on at 0. To this end note that

f2(x) = f20)| | f2()

x—0 x
Thus we conclude that f2 is differentiable at 0 and (f2)’(0) = 0.
Problem 8. Find the points on the ellipsoid

-1 as n — oo.

=0.

sin?(x)

-0 as x — 0.

<

X

4y +922 =1

-1
where the normal line is parallel to the line that has for symmetric equations z > =
y+1 _z-0

-1 3

Solution: The ellipsoid is a level surface of the function F(x,y,z) = x* + 4y* + 9z°. Let
P(xy, Yo, z0) be a point on the ellipsoid where the normal line passes. Therefore the direction
of the normal line is given by VF(x, yo,z0) =< 2x¢, 8o, 1829 > and is parallel to the vector
<2,-1,3>s0

< 2x0,8y0,18z9 >=k < 2,-1,3 > for some scalar k.

Thus
2XO =2k
8y0 = —k
182 = 3k.

Since P is on the ellipsoid then
K\ o (kY
+4-|—] +9-1=] =1
5]

16k* + k2 + 4k*> = 16
3

or



Thus

IR
—_

so the points are

(_4 1—2)and(4—1 2)
V21 24217 3421 V21 221 321/
Problem 11. Let f, g be functions with continuous second-order partial derivatives in

the region R bounded by the piecewise smooth simple closed curve C. Apply Green’s
theorem in vector form to show that

Séfvg'n dS:ffR[(f)(V-Vg)+Vf~Vg] dA.
Solution:

Lemma 0.1. Assume that appropriate partial derivatives exist, and let f be a scalar field and F be
a vector field. Then

0.1) V-(fF) = fV-F+F-Vf
Proof. Let F = (P,Q, R).

ad(fP) o I(fR
(P 9f\ (.90Q _9f\ (.9R _df
- 155 5 5) V%
= fVF+FVf

Theorem 0.2. The following is Green's theorem in vector form:

(0.2) 9§ Fin ds = f fR V-F, dA.

Using Green’s theorem and Lemma 1 above with F; = fVg and F = Vg, we get the
desired result.



Solutions to 2009 Fall Analysis Qualifying Exam questions

Problem 1.

(a) State the ¢ — 6 definition of continuity of a function f : D — R at a point a.
2

(b) Use your definition in (1) to show that the function f(x) = is continuous at

X
242
x=-1.

Solution: f is continuous at a € D if for every ¢ > 0 there is a 6 > 0 so that if [x —a| < 6,

and x € D, then |f(x) — f(a)| < €. Next, we note that f(-1) = % We then calculate

1] B2 -x2-2] 2(x* - 1)
f) = f=DI = ETE_J_ 3@%&)'waﬂ+m‘
‘Z(x '| (=1

2(x-1)

Let 6 = min{}, ¢}. With this choice we see that if |x — (—1)| < § then 370

If(x) = f(=1) < e.
Problem 2. Suppose f : R — IR satisfies

lf(x) = fW)] < lx =yl

for some o > 1. Show that f must be a constant function.
Solution: Fix x € R and take y # x. Since a > 1, dividing through by |x — y| # 0 we obtain

Lf(x) = f()l
-yl
as y — x. This means that (i) f is differentiable at x € R and f’(x) = 0. Since x € R was
arbitrary, we conclude that f is a constant function.

< 1, and hence

| _ |a—1_>0

Problem 3. Let f, : [2,b] — R be a sequence of integrable functions. Prove or disprove
the following statements:

(i) If f, — f pointwise, then

b 2(0)dx — b (x)dx
), wee= [

FALSE. To see this consider the functions

sin(nx) 0<x< 1
={yF 951
H_x_

Then £,(0) = 0 for all n, and

1
f fa(x)dx =1 VnelN
0

Clearly f, — 0 point-wise on [0, 1] but fol fa(x)dx do not converge to 0.
1



(if) Tf [ f,(x)dx — 0, then f, — 0 uniformly on [a,b].
FALSE. Consider f,(x) = x" on [0,1]. Then

1
1
fx”dx: -0 as n — oo.
0 n+1

But the f,(1) = 1 for all n! so they don’t even converge pointwise to 0.

Problem 4. Suppose that {x,} satisfies

1
(n + 1)[In(n + D]*

|xn - xn+1| <
Prove that {x,} is a Cauchy sequence.
Solution Note that if n > m, then

Xy = Xl < Jxn = X1+ [X0m1 = Xpoa| + -0 F X1 — Xl
1 s 1 - 1
nlln(mP ~ (n—-D[nmn - D2 (m + D)[In(m + 1)]2

Z k[ln(k)]2

Since the series Z is convergent (use the integral test) we have that given any
k

1
L KIn(R) P
& > (0 thereis an N, so that if m > N then

)3 k[lnl(k)]2 =&
k=m+1

Thus if n,m > N, then |x, — x,,| < € and the sequence is Cauchy, as desired.

Problem 5. Find all points in R where the function

flx )_{smx xeQ

x else

is differentiable. Justify your answer. Do the same for f.

Solution Note first that the only rational number g so that sin(g) = 0 is g = 0. It follows
that f is not even continuous at any point other than possibly at x = 0. If g,, is a sequence
of rational numbers converging to 0. We then have

n) — 0 n i n
fan) = O _ | f@n)]| _|sings) 0 o
Qn -0 GIn Qn
If we choose an irrational sequence i, converging to 0, we see that
'f(ln —fO] _ £ _
A

It follows that f is not differentiable anywhere on R. If we consider now f?, we still

have that this function is discontinuous everywhere except at 0. So we need to check
2



differentiability on at 0. To this end note that

() = £20) | ()
x-0 X

Thus we conclude that f2 is differentiable at 0 and (f2)’'(0) = 0.

Problem 8. Use the definition of uniform convergence of a sequence of functions to prove

1+ 2 cos?
that f,(x) = 1+ 2cos (nx) converges uniformly to 0 on RR.
n

)
sin”(x) -0 as x — 0.

<

X

Solution We need to check that given ¢ > 0, thereisan N, so thatifn > N, then |f,(x)—-0| < ¢
for all x € R. Note that

1+2cos’(nx)| _ 3

\n - n

hence if N > %, then n > N implies | f,(x) — 0 < ¢ Yx € R. The proof is complete.
Problem 11. Prove that

fx,y) = ;:%—mwimm
0 (x,) = (0,0)

has first order partial derivatives everywhere on R?. Is f differentiable at (0,0)? Justify
your answer.

Solution The existence of the partials away from (0, 0) is a simple calculus exercise. At
(0,0) we have to use the definitions. Thus we calculate

1im 109 = f0.0) _

xS 2

y—0 y—o 0
and 0 0,0
i &0 0,0 . x_
x—0 x—0 x—0 X

Thus the partial derivatives exists on all of R?, but they don’t agree at (0,0), hence our
function is not differentiable at (0, 0).

Problem 12. Prove that the limit

7
n+ Ccosx

n—eo Jo 21+ sin“x

exists and find its value.

1
Solution We check that the integrand converges uniformly to 5 on [2,7]:

3
— >0 as n — oo.

“ 4n

2 cosx —sin®x
2(2n + sin’ x)

n+cosx 1’

2n+sin’x 2

7 7 7
+ + 1
I 1N+ cosx i f I n + Ccos x . f 1. g
2 2

n-w )y 21 + sin’ x 2

Thus

n—oo 231 4+ Sin“ x



Mathematics Department Qualifying Exam - Solutions Spring 2009
Subject : Analysis

Instructions : Solve 8 of the following 12 problems :

1. (a) State the e-0 definition of uniform continuity of a function f: 1 — R.
Solution: f is uniformly continuous on [ if and only if for all € > 0 there
exists a 6 > 0, such that |z —y| < d, =,y € [ implies |f(z) — f(y)| <e.

(b) Consider the function f : (0,1) — R where f(z) = 22 for all z € (0,1). Use the
definition you gave in (a) to prove that f is uniformly continuous over (0, 1).
Solution: Let € > 0 be given and set § = % If 2,y € (0,1) and |z — y| < 4,
then

2 =y’ =[x +y)z—y)| <2dz—yl <20 =¢

2

and by part (a) we conclude that f(x) = x* is uniformly continuous on (0, 1).

+oco .
_ sin(v/k )
2. P that th _—

rove that the series kz:; 12 1 22
Solution: Note that

converges uniformly over R.

sin(Vk )

k2 + 22

1

S g Vr € R.

1
SE,

2

=1 s
Since Z 2% < +00, the Weierstrass M-test applies, and we conclude that the
k=1

indicated series converges uniformly on R.

3. Let P, be non-empty bounded subsets of R such that for each x € P there exists
y €  with x <.

(a) Show that sup(P) < sup(Q).
Solution: Suppose not. Then sup P > sup ). This implies that there is an
element p € P such that sup P > p > sup (), which in turn gives p > ¢ for all
q € Q, a contradiction.

(b) Isinf(P) < inf(Q)? If true, prove the statement; if false, give a counterexample.
Solution: The answer is a resounding NO! For a counterexample, set P = [0, 1]

and @ = [—-2,2].
(R
4. Evaluate lirf en dx. Justify your answer!
n—roo 2

Solution: The limit is equal to 3, by interchanging the limit with the integral. One



7.

can do this, because e**/™ — 1 uniformly on [—2,1]. To see this, let € > 0 be given.
Then

22
67—1‘ <et—l<e awzel-21n>1
since 4/n — 0 and the exponential function is continuous on R.

2

Compute  lim
P (zy)—(0,0) £t + 2

if it exists. If it does not exist, write DNE. Prove your

answer!

Solution: The limit does not exist. Along the curve y = 2%, we get that the
2

x—y2 is constant 1/2. On the other hand

uotient
4 ¥ +y

(L’2y

lim Y —
(0.0)=(0.0) T* + y?

Consider the function f: R — R where

_)o ifre@Q

(a) At which points in R is f continuous? Justify your answer!

(b) At which points in R is f differentiable? Justify your answer!

Solution: Standard arguments (using the definitions of continuity and differentia-
bility) show that f is continuous only at x = 0, and it is actually differentiable
there.

(a) State the Mean Value Theorem.
Solution: Let f be differentiable on an open interval I. For all a,b € I with
a # b, there exists a ¢ between a and b such that

f(b) - f(a)

L ).

(b) Let f:R — R be differentiable over R such that f(0) =1 and |f’(z)| <1 for
all z € R. Prove that |f(x)| < |z| + 1 for all x € R.
Solution: By part (a), we have

f(z) = f(0)

L (o

for some ¢ between x and 0. It follows that for any x € R we have

'f(%)—f(o)’:‘f(x)—l‘
z—0 x

=[0I <1,



8.

10.

11.

. Put C =

and hence
f@) -1 <], VeeR

Since |f(x)] — 1 < |f(z) — 1|, we obtain |f(x)| < |z| 4+ 1, as desired.

Let f : [0,1] — R be continuous and positive on [0, 1] such that fol f(z)dx = 0.
Prove that f(x) =0 for all x € [0, 1].

Solution: Suppose not. Then there is a point z¢ € [0, 1] such that f(zy) > 0. By
the sign preserving property of continuous functions, there exists € > 0, such that
f(x) >0o0n [ o [xg — €, 20 + €] N[0, 1]. Let P; be a partition of [0, 1] that contains
the endpoints of I. Then L(P, f) > 0, and since f is integrable on [0, 1], we have

1
| e = L(7) =sup L(P. ) = L(P1. ) > 0.
0
a contradiction.
r xv+1

27 2
that C does not contain a finite subcover of (0, 1).

) :0<x <1p. Show that C is an open cover of (0,1) and

. . o . : . +1
Solution Given z € (0, 1), it is contained in the open interval g, IT
C is an open cover of (0,1). Now if Cr is any finite subcover of C, then there is a

m m 1
smallest x,, € (0,1) such that %, & ;

of the sets contained in Cr. Thus no finite subcover of C can be an open cover of
(0,1).

, hence

T . .
€ Cr. Consequently, s not in any

1 1
- — —’. Is d a metric on (0,400)? Prove your

For all z,y > 0 we define d(z,y) =
Ty

answer!

Solution: The only mildly (and even that is a stretch) interesting property to check
is the triangle inequality, as d(x,y) is trivially non-negative, symmetric, and 0 if and
only if x = y. For the triangle inequality, simply calculate

d(z,y) = STy

11
iL'y_

Let f and g be defined on [a,b] with g continuous, f > 0, and f integrable. Show
that there exists a point o € [a, b] such that

[ sy =g [ st



12.

Solution: Since ¢ is continuous on [a,b], it attains both its minimum and its

maximum there. Write g,, def mingep 5 () and g def maXyeqp 9(2). Then

2 f(a)g(a)da
m S b S M
g fa f(z)dz g

hence by the Intermediate Value Theorem, there is an point zg € [a, b], such that

S fa)g(e)da

9(zo) f; f(z)dx

)

and the proof is complete.

Consider the sequence (a,),>1 defined by

(11:1
1

py1 =3 — — foralln >1
an

Prove that the sequence (a,),>1 converges.
Solution: We show that a,, is bounded and monotone. We prove the first assertion

3 5 3 5
+\/_. Sincel <a =1< V5

3+5

by induction. We claim that 1 < a, <

, we

have our base case. Assume now that 1 < a, < 5 Then
1 2 T+3vh 6+2v5 3 5
(K)1<2<ap=3— — <3 _TH3V5_642V5 3+ V5
an 3+v5  3+V56 4 2

Next we show that a, is monotone increasing. We start by noting that a; = 1 <
as = 2. By the recursive formulation we see that a,,1 > a, if and only if

(1) @ —3a,+1<0.

3—V5 3+5 3—V56

This happens precisely if < ap < . Since
exhibited in (%) assure that (1) holds. This completes the proof.

< 1, the bounds




Mathematics Department Qualifying Exam Fall 2009
Subject : Analysis

Instructions : Solve 8 of the following 12 problems :

1. (a) State the e-9 definition of the continuity of a function f: D — R at a point a.
2

(b) Use your definition in (a) to show that the function is continuous at

24+ 2

r=—1.

2. Suppose [ : R — R satisfies
[f(x) = fW)] <z =yl

for some a > 1. Show that f must be a constant function.

11
/ / In (14 3*/*)dydz.
0 Ja2

3. Compute

4. Suppose that {x,} satisfies

1
(n+ D)In(n + 1)]*

|xn - :Bn-i-l‘ <
Prove that {z,} is a Cauchy sequence.

5. Find all points in R where the function

o= {0 25

otherwise

is differentiable. Justify your answer. Do the same for f2.

6. Prove that a function f : A — N C R is uniformly continuous on A if and only
if for every pair of sequences z; and y, in A such that |z, — y,| — 0 we have

|f(@n) = f(yn)| = 0.

Six more questions on the back !!!




7. Prove that for a function f : [0, 1] — [0, 1], there exists a point z € [0, 1] such that
f(x) = .

8. Find the points on the ellipsoid
4yt 4922 =1

—1
where the normal line is parallel to the line that has symmetric equations T 7 =
y+1 z2z—-0

-1 3

9. (a) State the e-6 definition of the limit L of a function of one variable at a point
a.

(b) Find

r—>1 x—1 ’
Use your definition from (a) to prove your answer.
oo

10. (a) Prove that if Z ay, converges, then its partial sums s,, are bounded.
k=1

(b) Show that the converse of part (a) is false. Namely, show that a series Z a

k=1
may have bounded partial sums and still diverge.

11. Let f, g be functions with continuous second-order partial derivatives in the region
R bounded by the piecewise smooth simple closed curve C'. Apply Green’s theorem
in vector form to show that

]ifvg-nds://R[(f)(V-Vg)Jer-ngA.

12. Prove that

>~ 1 ¢ — zb
dt=0 Va,beR.
/0 T +a2(1+a)(1+at) “

1
(Hz'nt: Try the substitution x = —.)
u




Mathematics Department Qualifying Exam Fall 2009
Subject : Analysis — with Math 172 Material

Instructions : Solve 8 of the following 12 problems :

1. (a) State the e-§ definition of the continuity of a function f: D — R at a point a.
2

x
(b) Use your definition in (a) to show that the function ) is continuous at
x
r=—1

2. Suppose [ : R — R satisfies
[f(z) = fW)] < lo—yl%,

for some a > 1. Show that f must be a constant function.

3. Let f, : [a,b] — R be a sequence of integrable functions. Prove or disprove the
following statements:

(i) If f, — f pointwise, then

bfn(x)dx — bf(:z:)dx.
[ pierie |

(i) If fab fa(x)dz — 0, then f,, — 0 uniformly on [a, b].

4. Suppose that {x,} satisfies

1
(n+ 1)[In(n + 1)]?

| — Tpp] <
Prove that {z,} is a Cauchy sequence.

5. Find all points in R where the function

f() = { sinz, € Q

0, otherwise

is differentiable. Justify your answer. Do the same for f2.

6. Prove that a function f : A — N C R is uniformly continuous on A if and only
if for every pair of sequences z; and y, in A such that |z, — y,| — 0 we have

|f(2n) = f(yn)| = 0.

Six more questions on the back !!!




10.

11.

12.

Prove that for a function f : [0,1] — [0, 1], there exists a point x € [0, 1] such that
f@) = .

. Use the definition of uniform convergence of a sequence of functions to prove that

14 2cos*(nx)

(a) State the e-6 definition of the limit L of a function of one variable at a point
a.

(b) Find

converges uniformly to 0 on R.

Use your definition from (a) to prove your answer.

oo
(a) Prove that if Z ay converges, then its partial sums s,, are bounded.

k=1
(b) Show that the converse of part (a) is false. Namely, show that a series Z a
k=1

may have bounded partial sums and still diverge.

Prove that the limit
“n +cosx

n—oo [y 2n +sin“x

exists and find its value.

Prove that s
f =1 e @ #00)
0 (z,y) = (0,0)

has first order partial derivatives everywhere on R?. Is f differentiable at (0,0)?
Justify your answer.




Mathematics Department Qualifying Exam Spring 2009
Subject : Analysis

Instructions : Solve 8 of the following 12 problems :

1. (a) State the - definition of uniform continuity of a function f: I — R.

(b) Consider the function f : (0,1) — R where f(x) = z? for all z € (0,1). Use the
definition you gave in (a) to prove that f is uniformly continuous over (0, 1).

sin(vk z)

21 converges uniformly over R.
x

+o0
2. Prove that the series Z
k=1

3. Let P, be non-empty bounded subsets of R such that for each x € P there exists
y € Q with x <.

(a) Show that sup(P) < sup(Q).
(b) Isinf(P) < inf(Q)? If true, prove the statement; if false, give a counterexample.

L s

4. Evaluate lim e dx. Justify your answer!
n—-—+00 _9

2

5. Compute lim
PR =00 28 + o2

if it exists. If it does not exist, write DNE. Prove your

answer!

6. Consider the function f : R — R where
0 ifre@Q
fle)=4 4 .
Y )
(a) At which points in R is f continuous? Justify your answer!

(b) At which points in R is f differentiable? Justify your answer!

7. (a) State the Mean Value Theorem.

(b) Let f: R — R be differentiable over R such that f(0) =1 and |f'(x)| < 1 for
all x € R. Prove that |f(z)| < |z|+ 1 for all z € R.

Five more questions on the back !!!




10.

11.

12.

. Let f :]0,1] — R be continuous and positive on [0, 1] such that fol f(z)dz = 0.

Prove that f(x) =0 for all x € [0, 1].

1
Put C = {(g, %) :0 <2 <1;. Show that C is an open cover of (0,1) and
that C does not contain a finite subcover of (0, 1).

1
- — —‘. Is d a metric on (0,400)? Prove your

For all z,y > 0 we define d(z,y) =
r vy

answer!

Let f and g be defined on [a,b] with g continuous, f > 0, and f integrable. Show
that there exists a point zy € [a, b] such that

[ 1w = o) [ sty

Consider the sequence (a,),>1 defined by

0,1:1

1
py1 =3 — — foralln >1

n

Prove that the sequence (a,),>1 converges.




Mathematics Department Qualifying Exam Fall 2008
Subject : Analysis

Instructions : Solve 8 of the following 12 problems :

1. Prove that there exists a sequence (ny)>1 of distinct natural numbers such that the
sequence (sin(ng))x>1 converges.

2. (a) State the e-§ definition of continuity of a function f : D — R at the point

T = a.
1
b) Use your definition from (a) to prove that the function ——— is continuous
(b) ¥ (a) top N
at x = 2.
% ,,2008

3. (a) Prove that the series converges.

(a) Prov ; 1.0017 &

(b) Deduce that 1.001"™ > n?°% if n is large enough.

4. Let A, B be non-empty subsets of [0,400) and C' = {ab|a € A and b € B}. Prove
that inf C' = inf A - inf B.

forall 0 < z < 1.

1
5. Prove that e* <
l1—2z

6. (a) State the Mean Value Theorem.
(b) Use the Mean Value Theorem to prove the following:
Let f : (a,b) — R be differentiable over (a,b). Suppose that f'(z) =0
for all = € (a,b). Then f is constant on (a,b).
nz? —1
7. FornZl,putfn:[l,Q]ﬁR:xﬁm
(a) Prove that the sequence (f,),>1 converges uniformly over [1,2].

2
(b) Evaluate lim / fn(z) dx. justify your answer!
1

n—-+00

4

Yy .
SR 0,0
8. Consider the following function f : R? — R : (z,y) — { 22 + 3?2 (@) # (0,0)

0 if (z,y) = (0,0)

Is f differentiable at (0,0)? Prove your answer!

Four more questions on the back !!!




10.

11.

12.

. Prove that the equation 2° — 2% + 2° + 1 = 0 has exactly one real solution.

et — zx°

+00
Prove that the series Z converges uniformly over [—5, 4].
n=1

— 2n 4 g2

Prove that the function f : R - R: 2 — is uniformly continuous over R.

B
1+ |z
Let f :[a,b] — R be continuous and increasing on [a, b]. Prove that
b
[ ra)dn = f@0 - @)+ F0)E - N
for some A € [a, b].

b
Hint : Use the Mean Value Theorem for integrals to rewrite / f(x) dx.




Mathematics Department Qualifying Exam Spring 2008
Subject : Analysis

Instructions : Solve 8 of the following 12 problems :

1. Prove the following :
In(1+2) > ¥ forallz >0
r+1

2. (a) State the e-d definition of the limit of a function of one variable :

lim f(z) =L < ---

2
2
(b) Find lir% % Use your definition from (a) to prove your answer.
rx—0 Ir° — LT
3. Consider the function
1+:r2 5
f:RHR:xH/ 24 dt
xr2

Calculate f'(z) for all z € R.

3 e+ (_1)n

4. Calculate lim

T
dx. Justify your answer!
n—+oo [y 1+ na? vy

1
5. Let {(a,)n>1 be a sequence of real numbers such that the sequence <an * > converges to 2008. Prove that the

a, — 1
sequence (Gn)n>1 converges and find its limit.

ze V7 if g #0
0 ifx=0
Prove that f is differentiable at x = 0. What is f/(0)?

6. Consider the function f(z) =

Six more questions on the back !!!




Vn cos(nz)

“+o0
7. Prove that the series ~——————~* converges uniformly over R.
r; x2 4 n? 8 Y

8. (a) State the e-d definition of uniform continuity of a function of one variable :

f is uniformly continuous over a set D <= ---

-1
(b) Use your definition from (a) to prove that the function f(z) = z 1 is uniformly
x

continuous over [0, 4+00).

9. Let X and Y be sets and f: X — Y a function. Recall that f(A) = {f(a)|a € A} for all A C X. Prove that f is
one-to-one on X if and only if f(ANB) = f(A)N f(B) for all A,B C X.

+oo —+oo —+oo
10. Let Zan and Z b, be series of positive real numbers such that the series Z a, converges. Suppose that
n=0 n=0 n=0
“+ o0
lim — = 0. Prove that the series Z b, converges.

n—-+0o0 Ay,
n=0

11. Let @ # A, B C R such that AU B is bounded above.
(a) Prove that A and B are bounded above.
(b) Prove that sup(A U B) = max{sup A, sup B}.

1 k

12. P that —_—
rove tha {(k—i—l’k—i—l

) ‘ k=2,3.4,.. } is an open covering of (0,1) that has no finite subcover of (0, 1).




Mathematics Department Qualifying Exam Fall 2007
Subject : Analysis

Instructions : Solve 8 of the following 12 problems :
1. Prove that cos?z > 1 — z2 for all z € R.

2. Let f: R — R be a function such that |f(z) — f(y)| < 2|z — y|? for all ,y € R. Prove that f is constant.

hint : derivatives

2 3
2
3. Calculate lim e

dx. Justify your answer!
n—too J; 34 na? v

3
x
-  if (=, 0,0
4. Consider the following function f : R? - R: (z,y) — ¢ 22 +y? (@y) #(0,0)
0 if (z,y) = (0,0)
Is f differentiable at (0,0)? Prove your answer!

5. (a) State the e-¢ definition of continuity of a function of one variable :

f(x) is continuous at r =a <= ---

(b) Use your definition from (a) to prove that the function f(z) = is continuous at x = —2.

x
z+1
6. Let @ # S C R be bounded above. For A € R, we define AS = {\s|s € S}. Prove that inf(—25) = —2sup S.
7. Let (2 )n>0 be the sequence defined by

Tpy1 =n—ap foralln >0
170:0

Prove that xo, = xopy1 for all £ > 0.

Five more questions on the back !!!




8. Let f: [a,b] — R be continuous on [a, b] and differentiable on (a,b). Suppose that f(a) = f(b) = 0. Prove that for
all A € R, there exists ¢ € (a,b) such that f'(c) = Af(c).

hint : Use the Mean Value Theorem on a function of the form p(z)f(x) where p(z) is a well-chosen function.

9. Let (an)n>0 be a sequence of real numbers. Put b,, = a,, — a,41 for all n > 0.

+o0

(a) Prove that the series Z b, converges if and only if the sequence (a,),>o converges.
n=0
—+oo
(b) If the series Z b, converges, to what does it converge?
n=0
=Xn sin(nzx)
10. Prove that the series Z ————2 converges uniformly over |7, +00).
—_ ™ + ne*

d(x,y)
9d(@y)

11. Let (X, d) be a metric space. Define D : X x X - R: (z,y) —

Is (X, D) a metric space? Prove your answer!

12. Let a < b < cand f: (a,¢) — R a function such that f is continuous at = b and f is uniformly continuous on
(a,b) and on [b,c). Prove that f is uniformly continuous on (a,c).




Name : Spring 2007
Mathematics Department Qualifying Exam : Analysis 2/24/2007

Instructions : Solve 8 of the following problems :
1. Let n be a positive integer. Prove that
(1—2*)">1-nz®> forallzec|0,1]
2. Let (x,,)n>0 be a sequence of real numbers such that |z, 41—z, | < 27" for all n € N. Prove that (x,),>1 converges.

3. This exercise is about uniform continuity :

(a) State the definition of uniform continuity :

a function f is uniformly continuous on a set D C R if ...
(b) Use this definition to prove that the function f(z) = z? is uniformly continuous on (0, 1).
4. Consider the function

f:R2»—>R:(x,y)r—>{ z2+y?

(a) Calculate %(070) and 3—5(0,0).

(b) Is f(z,y) differentiable at (0,0)? Justify your answer!

+00 too
5. Suppose that the series of real numbers Z ay, converges absolutely. Prove that the series Z ai converges.
k=0 k=0

6. Let S C R be nonempty and bounded below. Put
L = {z € R|x is a lower bound for S}

Prove that inf(S) = sup(L).

Six more questions on the back !!!




7. Consider the function f,, : [1,4+00) — R: 2 +— for all n > 1.

nz? +1
(a) Find lim f, and prove that the sequence (f,)n>1 converges uniformly on [1,400).

n+—-+oo

5

(b) Evaluate lir_irrl fn(x)dx. Justify your answer!
n—-100 1

8. Prove that every Cauchy sequence of real numbers is bounded WITHOUT using the fact that a Cauchy sequence
of real numbers converges.

a3 — cos(kx)

+oo
9. Prove that the series Z 52 1 342
T

k=1

converges uniformly on [—2, 1].

10. Let f : R — R be continuous over R. Suppose that f(0) = 0. Prove that f is differentiable at z = 0 if and only if
there exists a function g : R — R such that g is continuous over R and f(z) = z g(z) for all z € R.

11. Suppose that f : [a,b] — Q is continuous over [a,b]. Prove that f is constant over [a, b].

12. For n > 1, put

1:3:5--(2n—1)
2-4-6---(2n)

Ay =

Prove that the sequence (a,),>1 converges and that 0 < lim a, < ok

n+—-+o0o




Mathematics Department Qualifying Exam Fall 2006
Subject : Analysis

Instructions : Solve 8 of the following 12 problems :

1
2. - .
1. Put f:R—R:z+— T2 Sm(m ifz#0

0 ife=0
Show that f'(0) = 1.

2. (a) State the e-¢ definition of a limit of a function of two variables :

lim f(r,y)=L < ---

(z,y)—(a,b)
o a?y . iy
(b) What is ( %nn( VE TP ? Prove your answer using the definition from (a).
z,y)—(0,0) Y
. =X /msin(z) )
3. Prove that the series Z EpT converges uniformly over R.
x4t +n

n=1
4. Let f: R+ (0,400) be a function such that f(z +vy) = f(z)f(y) for all z,y € R.
(a) Find £(0).

f(x)
fy)

(¢) Prove that f is continuous at 0 if and only if f is continuous over R.

(b) Prove that f(x —y) = for all 2,y € R.

5. Let f : (a,b) — R be twice differentiable over (a,b) and =1 < x2 < z3 points in (a,b) with f(z1) > f(x2) and
f(z3) > f(z2). Prove that there exists a point ¢ € (a,b) with f”(c) > 0.

6. Let f : [a,b] — R be continuous and positive over [a, b]. Prove there exists a point ¢ € [a, b] with f(c) = \/f(a)f (D).

7. For all n > 1, let f, : [0,1] — R be continuous over [0,1]. Suppose that the sequence (f,),>1 converges uniformly
to some function f on [0, 1]. Prove the following :

Ve>0:3IN eN, 3§ >0:Yn> N,Va,y € [0,1] : |z —y| < I = |fn(z) — fu(y)] <e

Five more questions on the back !!!

n cos(x)

8.(a) Forallm > 1, put f, : [0,1]] = R:z — . Prove that the sequence (f,),>1 converges uniformly on [0, 1].
e’ -

n

L ncos(z)

(b) Calculate lim

dx. Justify your answer!
n—+oo [o n+ e’

9. (a) State the definition of a Cauchy sequence.
(b) Suppose that 0 < @ < 1 and (z,,)n>1 is a sequence of real numbers with |z,41 —x,| < @™ for all n > 1. Prove that
the sequence (x,),>1 converges.

10. Let (M,d) be a metric space.



(a) Let A C M. State the definition of an open set. So

AC M isopen <= ---

(b) Let a € M and r > 0. Prove that the set B(a,r) := {x € M |d(a,z) < r} is open.

11. Let A C R be compact and A > 0. We define AA := {A\z |z € A}. Prove that AA is compact.
hint : use the characterization of compact sets that involves sequences
12. Let @ # S C R be bounded.

(a) Prove there exists a sequence (s,)n>1 in S that converges to sup S.

(b) Issup S € 57




Mathematics Department Qualifying Exam Spring 2006
Subject : Analysis

Instructions : Solve 8 of the following problems :

n cos(nx)

P converges uniformly over R.
e +n

—+o00
1. Prove that the series Z
=1

2. (a) Let I be an interval, f : I — R a function and ¢ € I. State the e-d definition :

f is continuous at c if and only if ...

(b) Use the definition you gave in (a) to prove that f(x) = % is continuous at = = 1.
x
n sin(n)

3. Prove that the sequence
n+1

> has a convergent subsequence.
n>1

4. Prove that 1 + 2z In(z) < 22 for all 2 > 1.

5. (a) Calculate lirgl+ VzIn(z).
T
(b) Prove that f(z) = v/zIn(z) is uniformly continuous over (0,1) (do not use the definition of uniform continuity).

1

6. Calculate lim n/n cos(z?) dx. Justify your answer!
0

n—-+00

hint : use the Mean Value Theorem for integrals
7. Let f: R+ R be differentiable over R. Prove that f is continuous over R.

8. Forn > 1, put
L + L + + L + 1
n+1 n4+2 2n—1  2n

Ty =

Prove that the sequence (z,),>1 converges.

hint : prove that the sequence (x,),>1 is increasing and bounded above

9. Let (M, d) be a metric space. We define d? : M x M — R : (z,y) — (d(z,y))?. Is (M,d?) a metric space? Prove
your answer!

x
10. Prove that f(z) = 1 is uniformly continuous over [0, +00) using the definition of uniform continuity.
x

Two more questions on the back !!!



11. Let A=Qn0,1]. Is A compact? Prove your answer!

hint : use the characterization of compact sets that involves sequences!

! nr

12. Calculate lim
n—+oo Jg N+ x

5 dz. Justify your answer!

10



Mathematics Department Qualifying Exam Fall 2005
Subject : Analysis

Instructions : Solve 8 of the following 12 problems :

1. Let X and Y be sets and f : X — Y a function. Recall that f(A)

={f(a)|a € A} for all A C X. Prove that f is
one-to-one on X if and only if f(A\ B) = f(A)\ f(B) for all A,B C X.

2
2. Prove that cos(z) > 1 — % for all z > 0.

3. (a) Let (an)n>1 be a sequence in the k-dimensional Euclidean space R* and a € R¥. State the e-N-definition :
(ap)n>1 converges to a if ...

(b) Let {a,)n>1 (respectively (b,),>1) be a sequence in R¥ that converges to a € R* (respectively b € R¥). To which
element of R* does the sequence (2a, — 3b,,)n>1 converge? Prove your answer using the definition you stated in (a).

4. Let f : R — R be a function such that f(z +y) = f(x) + f(y) for all ,y € R. Suppose that f is continuous at
x = 0. Prove that f is continuous over R.

5. Let f : (a,b) — R be differentiable over (a,b) such that f’ is bounded on (a,b). Prove that f is uniformly
continuous over (a, b).

6. Let f:[1,2] — [0,4] be a continuous function such that f(1) = 0 and f(2) = 3. Prove that there exists ¢ € [1, 2]
such that f(c) = c.

1
x
7. Evaluate lim ——— dx. Justify your answer!
n—+o0o Jo x° + ne’

—+oo
8. Prove that the series Z —e ™ converges uniformly over [1,4+00) to some function f. Find a closed form for
n

n=1
f(@).
9. Let (M, d) be a metric space. For z,y € M we define e(x,y) = min{l,d(z,y)}. Prove that (M, e) is a metric space.

10. Let (an)n>1 be a sequence of real numbers that converges to o € R. Suppose that § € R such that a,, < for all
n sufficiently large. Prove that o < 8 WITHOUT using the Pinching Theorem.

Gn 8ol %y 4 = 0. Put P(z) = ana™ + ap_qz" ' 4 4
n+1 n 2

a1z + ag. Use the Mean Value Theorem (or Rolle’s Theorem) to prove that P(a) = 0 for some a € (0,1).

11. Let ag,aq,...,a,_1,0a, € R such that

12. Let A, B C R be compact such that AN B = (. Prove that there exists § > 0 such that |a —b| > d for all a € A
and all b € B.

hint : put § = inf{la —b||a € A,b € B}; for all n > 1, find a,, € A and b,, € B such that (|a,, —b,|)n>1 converges to &

11



Mathematics Department Qualifying Exam Spring 2005
Subject : Analysis

Instructions : Solve 8 of the following problems :
1. Let f: R+— R be an even and monotonic function. Prove that f is constant over R.

2. Prove the "Ratio Test” :

—+o0
a
Let Z a, be a series of real numbers such that the limit L := lim n+1 | exists. Then
n+—-+oo Qn
n=0
+oo
(i) the series Z ay, converges absolutely if L < 1.
n=0
+o00
(ii) the series Z an diverges if L > 1.
n=0

1
1 ifz=—fors N
3. Define the function f : R—R:z+— Ha= g orsomen <

0 otherwise
(a) Show that f is not continuous at x = 0.

(b) Can you alter the definition of f(0) to make f continuous at x = 07 Justify your answer!

1
4. Give an €0 proof of the fact that the real function f(z) = — is continuous at z = 2.
x

5. (a) Let f : [a,b] — R be bounded. Define what it means for f to be Riemman integrable over [a,b] using the
notions of upper and lower sums.

1 ifz>0

0 ifz<o S Riemann integrable

(b) Use your definition of part (a) to show that the function f: R — R :z — {

over any closed and bounded interval [a, b].

6. Let AC R and for all n > 1, let f,, : A +— R be a function that is uniformly continuous on A. Suppose that the
sequence < f, >,>1 converges uniformly to f on A. Prove that f is uniformly continuous on A.

7. Prove that e* > 7(z — 1) for all = > 2.

Five more questions on the back !!!

12



8. Let f : [a,b] — R be continuous on [a, b] and differentiable on (a, b). Suppose f(a) = f(b) = 0 and that there exists
¢ € (a,b) such that f(c) > 0. Prove there exist 1, z2 € (a,b) such that f'(x1) <0 < f'(z2).

9. Let E C R and f,g, fn,gn : E — R be functions for all n > 1 such that < f,, >,>; converges uniformly to f on E
and < g, >p,>1 converges uniformly to g on E. Suppose that f and g are bounded on E. Prove that < f,gn >n>1
converges uniformly to fg on F.

1 22
10. Evaluate lim cos () dx.
0

n+——+o0o n
. 1 ? :
hint : Prove that cos | — | <cos| — | <1 for all z € [0,1]. Use this to prove that the sequence ( cos | —
n n n>1

converges uniformly to 1 on [0, 1].

1
11. Let f:[0,1] — R be continuous. Prove that lim 2" f(z)dz = 0.

n——+00 0

133
12. Let f : R — R be continuous. Define g : R — R : z / f(t+ x)dt. Calculate g'.
x2

13



Mathematics Department Qualifying Exam Fall 2004
Subject : Analysis

Instructions : Solve 8 of the following problems :

CL1:1

1. Consider the sequence { nir = 2an T3 ifn>1

(a) Use induction on n to prove that 0 < a,, < 3 for all n > 1.
(b) Prove that < a, >,>1 is an increasing sequence.

(¢) Deduce that < a,, >,>1 converges. Find lixf -
- nk—-1+0oo

2. Prove that /2 is irrational.

+oo
3. Prove or give a counterexample : If < F;, >,,>1 is a sequence of closed subsets of R, then U F,, is closed.

n=1

0 if x is irrational
x if x is rational
Find (with proof) all the points at which ¢ is continuous.

4. Define g : R— R : g(z) =

5. Let X, Y CRand f: X — Y a function. For B C Y, we define f~}[B] = {x € X | f(z) € B}.

N Bil =) /Bl

i€l iel

Let I be an index set and B; C Y for all ¢ € I. Prove that f_1

6. (a) State the Mean Value Theorem.
(b) Use the Mean Value Theorem to prove the following :

Let f : (a,b) — R be differentiable over (a,b). Suppose that f'(x) = 0 for all « € (a,b). Then f is constant
over (a,b).

7. If A,BCR, wedefine A+ B={a+0b|a € A,b€c B}. Prove that A+ B is compact if A and B are compact.

hint : use the characterization of compact sets that involves sequences!

8. Let f : D — R be uniformly continuous over D and < d,, >,>1 a Cauchy sequence with d,, € D for all n > 1.
Prove that f(D) =< f(d,) >n>1 is a Cauchy sequence.

Four more questions on the back !!!

14



l‘Q—JU

n2

9. For n > 1, we define f,, : [0,1] — R: 2z —
(a) Find the function f : [0,1] — R such that < f,, >, >1 converges pointwise to f.

(b) Is this convergence uniform? Prove your answer!

T

+oo
10. Consider the series Z ——5- Prove that this series converges uniformly on [0, 1].
—n +x

11. Let f : [a,b] — R be continuous over [0, 1]. Suppose that f(x) > 0 for all x € [0, 1]. Prove that

[/Olf(w)dmré/olﬁ(x)dw

2 n—1
— ey , 1}. Compare a Riemann sum with partition P, for f to a Riemann
n n

hint : For n > 1, put P, = {0,

1
)
n
sum with partition P,, for f2.

12. Let f,g : [0,1] — R be continuous over [0,1] such that f(0) < g(0) and f(1) > g(1). Prove that there exists
¢ € [0,1] such that f(c) = g(c).

15



Mathematics Department Qualifying Exam Fall 2007
Subject : Analysis Solutions

1. Prove that cos?2z > 1 — 22 for all z € R.

Proof : Put f(x) = cos? x + 2. We need to prove that f(z) > 1 for all z € R. Since f is even (namely f(z) = f(—x)
for all z € R), it’s enough to show that

f(z)>1 foralaxz>0
We easily get that
f'(x) = —2cosxsinz +2x and f’(z) =2sin®z — 2cos?x + 2 = 4sin’x

Hence
/() >0 forallaz>0

So f’ is increasing on [0, +00). Hence
f'(x) > f(0)=0 forallz>0

So f is increasing on [0, +00). Hence

f(x)>f(0)=1 forallz>0 O

2. Let f: R — R be a function such that |f(z) — f(y)| < 2|z — y|? for all z,y € R. Prove that f is constant.

Proof : Pick a € R. Then
|f(z) — f(a)] <2z —al* forallzeR

Hence

o< |Ho =St

<2z —a| forallz+#a

Since lim 0 = lim |z — a| = 0, it follows from the Pinching Theorem that

o [F@ = 1@
z—a r—a

Hence
o T = f@)

r—a Tr—a

So f is differentiable at a and f'(a) = 0. Since a was arbitrary, we get that f is differentiable over R and f/(z) =0
for all x € R. Hence f is constant. i

2 3

2
3. Calculate lim +nx2
n—+oo J1 3+ nx

dx. Justify your answer!

2 3
Proof : Put fp,:[1,2] = R:z — 312;

uniformly to f on [0,1]. So we need to prove

Ve>0:3dN e N:Vn > N,Va € [1,2]: |fulx) — f(z)| <€

for all n € Nand f:[1,2] - R: 2 — z. We prove that (f,),>1 converges

8

Pick € > 0. Let N € N with N> —-. Pick n > N and =z € [1,2]. Note that |2 — 3z] < 2 4 3|z| < 8 and
€

|3 + na?| = 3+ na? > n. Hence

2+ 3|x|
~ 34+ nz?

8
Si
n

IN
=] oo

3 + na? 3+ na?

nl‘S — o
|fn<ac>—f<ac>|=\2+ - H2 3




Since (fn)n>1 converges uniformly to f on [1,2] and f, is continuous (and hence Riemann Integrable) on [1,2], we

have that )
lim fn(x)dx:/ lim f,(z dx—/ f(z

Hence
2 3 2 2
2 1 3
lim +ne dx = / rdr = 222 =2
n—+oo J; 3+ nax? 1 2

4. Consider the following function f:R? = R: (z,y) — ¢ 2> +y?

Is f differentiable at (0,0)? Prove your answer!

Proof : Using the definition of partial derivatives, we get

3
of . fO+h0) - (0,00 . -0
oz 00 = im; n B
af FO0,048) = £0,0) . wrm-0
gy (00) = Jim, h = fim == =0
Next, we need to check if
i L(0.0) + (z,y)) = £(0,0) = (1,0) - (z,9) _ 0
(@,9)—(0,0) [l (z, )]l

We easily get that for all (z,y) # (0,0)

F0,0) + (2,9)) — £(0,0) = (1,0) - (w,3) 75z =T ay?

1z, y)ll Vi (a2 y?)d

Let k£ > 0 and consider the half-line y = kz where z > 0.
Then

x(kz)? . k223 B k2

im 5 . 77 NoN\3 3 - 3
0@ ()T a0 (RT3
Since this limit clearly depends on k, we get that f is NOT differentiable at (0, 0).

5. (a) State the e-¢ definition of continuity of a function of one variable :

f(z) is continuous at z = a <= ---

(b) Use your definition from (a) to prove that the function f(z) = is continuous at x = —2.

T+
Proof : (a) f(x) is continuous at x = a iff
Ve>0:30>0:VzeD:|jz—a|<d = |f(x)— fla)| <e

(b) Note that the domain of f is R\ {2} and f(—2) = 2. So we need to prove

Ve>0:30>0:Vze R\ {2} : [z +2|<d = xi12‘<e



1 1 1 1
Pick € > 0. Let 6 = min {2, ;} Pick z € R\ {2} with |z +2| < 6. In particular, |z 4 2| < 3 Hence 5 <t +2< 3

3 1 1
Sof§<z+1<f§ and |x+1|>§. Hence

6. Let @ # S C R be bounded above. For A € R, we define AS = {As|s € S}. Prove that inf(—25) = —2sup S.

Proof : Put a =supS.

Pick x € —25. Then z = —2s for some s € S. Since « is an upper bound for S, we have that s < a. Hence
x = —2s > —2«. Since x was arbitrary, we have that —2« is a lower bound for —2S5.

Suppose that 3 is a lower bound for —25. Pick s € §. Then —2s € —25 and so 8 < —2s since  is a lower bound for

1 1
—2S5. Hence s < —§ﬁ. Since s was arbitrary, we get that —3 ( is an upper bound for S. But « is the smallest upper

1
bound for S. Hence o < fiﬂ and so —2a > 3.
Hence —2« is the greatest lower bound for —25. So —2sup S = —2a = inf(—285). O

7. Let (@n)n>0 be the sequence defined by
Tpy1 =N —a, foralln >0
o — 0

Prove that xq, = zopy1 for all £ > 0.

Proof : We prove this by induction on k.
Note that x1 =0 — 29 =0 — 0 = 0 = ¢ which proves the case ‘k =0’.
So assume that xor = w941 for k=0,1,...,n — 1 for some n > 1. In particular, 29, o = 2,_1. Then

Top — (2n — 1) — To2n—1 — (2n — 1) — [(27’L — 2) — ‘Ign_g} =1 “+ Top_9

and
I2n+1 = (2n) — Ton — 277, — [(2’/7, — 1) — Ign_ﬂ = 1 —+ Lon—1

Since 9,2 = To,_1, We get that o, = Ta,41, proving the case ‘k = n’. O

8. Let f : [a,b] — R be continuous on [a, b] and differentiable on (a,b). Suppose that f(a) = f(b) = 0. Prove that for
all A € R, there exists ¢ € (a,b) such that f'(c) = Af(c).

Proof : Let A € R. Put g : [a,b] — R : 2 — e f(z). Then g is continuous on [a, ], differentiable on (a,b) and
g(a) = g(b) = 0. Hence it follows from the Mean Value Theorem that

w =g'(c) for some c € (a,b)
So ¢'(c) = 0. We easily get that ¢'(z) = —Ae " f(z) + e f/(2) = e A (=Af(x) + f'(x)). Since e™** # 0 for all
x € R, we have that —Af(c) + f'(¢) = 0. So f'(¢) = Af(c). O

9. Let (an)n>0 be a sequence of real numbers. Put b, = a,, — a,41 for all n > 0.

“+o0
(a) Prove that the series Z b, converges if and only if the sequence (a,)n>0 converges.

n=0



+oo
(b) If the series Z b, converges, to what does it converge?

n=0

Proof : Put s, = Zbk for all n € N. We easily get that

k=0
n n
Sp = Zbk = Z(ak —ag+1) = (ap —a1) + (a1 —az) + - + (an — ant1) = o — Ant1
k=0 k=0

By definition, we have that

—+o00
g b, converges <= (Sn)n>0 converges <= (ag — Gp4+1)n>0 COLVEIZES

n=0
Since ag is a constant, it follows that

(@0 — @nt1)n>0 converges <= (Ap41)n>0 CONVErges <= (An)n>0 CONVEIZES

+oo
Suppose that Z b, (and hence also (a,)n>0) converges. Then
n=0
+oo
an = lim s, = lim (ap — any1) =ap— lm ap41 =ap— lim a, O
=0 n—+oo n—-+00 n—-+00 n—-+00

n sin(nx)

P converges uniformly over [, +00).
" 4 ne

—+oo
10. Prove that the series Z
n=1

Proof : Pick n > 1. Then for all z € [r, +00), we have that

[nsin(nz)| = n|sin(nz)| <n and |z" +ne®| = 2" + ne® > 2" > 7"

Hence )
n sin(nx n
# <—: =M, forallz>n
" + ne* (ak
+o0 n
Next, we use the Ratio Test to prove that the series E —- converges. We easily get that
™
n=1
M, il n+1 1
lim ‘”“ -
n—+oo | M, n—+too I n—+oo NI s
M =X n
Since liIJIrl ‘"H < 1, we get that the series g —- converges. Hence it follows from the Weierstrass M-test that
n—-—4oo n ™
n=1
+ .
the series EOO n sin(na) converges uniformly over |7, +00) O
= a4 ne” ’ '
d(z,
11. Let (X, d) be a metric space. Define D : X x X — R: (z,y) — 22(30 ‘7;))

Is (X, D) a metric space? Prove your answer!



Proof : NO : the Triangle Inequality fails. Consider the regular distance on R. Put x =0, y = 1 and z = 5. Then

dz,y)=10—-1]=1 , d(z,z) =10-5|=5 and d(y,z) =|1—-5|=4

Hence . - . \ 1
D(:my):i , D(Qﬁ,z):z—s:@ and D(y’z)zgjzz
But
1 13 5 1
(@y) =5 %35 =35+ 7= D@2+ D(zy)

12. Let a < b < cand f: (a,c) — R a function such that f is continuous at z = b and f is uniformly continuous on
(a,b) and on [b,c). Prove that f is uniformly continuous on (a,c).

Proof : Since f is uniformly continuous on (a, b) ,we have that 1irn+ f(z) exists. Since f is uniformly continuous on

- r—a

[0, c) ,we have that lim f(x) exists. Since f is continuous on (a,b), on [b, ¢) and at = b, we have that f is continuous
r—c—

on (a,c). Since lim+ f(z) and lim f(z) exist, it follows that f is uniformly continuous on (a, c). O
r—a Tr—Cc™
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1. Let n be a positive integer. Prove that
(1—2*)">1-nz* forallze€l0,1]
Proof : Put f:[0,1] - R:2z — (1 —2%)" + nz?. We need to show that
fx)y=1 forall ze0,1]

We easily get that

f'(@) =n(l—2*)"""(—2z) + 2nz =2nz (1 — (1 —2*)" ")

For all z € [0,1], we have that 0 < 22 <1andso 0 <1—2% <1; hence 0 < (1 —

It follows that
f(z)>0 forallze€0,1]

Hence f is increasing on [0, 1]. So

f(z) > f(0)=1for all z € [0,1]

for all z € [0,1]

2?)P "t <land 0<1—(1—22)" L

2. Let (2,,)n>0 be a sequence of real numbers such that |z, 11—, | < 27" for all n € N. Prove that (x,),>1 converges.

Proof : We will prove that the sequence (x,,),>0 is a Cauchy sequence. So we need to show :

Ve>0:IN eN:Vm,n>N: |z, —x,| <e€

1 1
Pick € > 0. Let N € N with N > 1 —log,(¢). Then 2V~1 > 271982(9) — = and so ——— < e. Pick m,n € N with
€

oN—1

m,n > N. If m =n then |z, — z,| = 0 < €. So we may assume that m > n. Then

|17m - znl = ‘(Im - Im—l) + (xm—l - xm—2) R (177L+1 - 177,)|
S ‘xm - -rm—1| + |xm—1 - -Tm—2| +--- 4+ |xn+1 - xn|
< 2—(m—1) T 2—(’m—2) I
< 1 1 1
— %+2n,+1+2n+2+.”
1
= anl
1
< 9N-1
< €

So the sequence (,),>0 is a Cauchy sequence and hence converges.

3. This exercise is about uniform continuity :

(a) State the definition of uniform continuity :

a function f is uniformly continuous on a set D C R if ...



(b) Use this definition to prove that the function f(x) = 22 is uniformly continuous on (0, 1).

Proof : (a) f is uniformly continuous on a set D C R if and only if
Ve>0:30>0:Vo,yeD:|lz—yl<d = |f(x)— fly)] <e

(b) We need to prove :
Ve>0:30>0:Vz,y € (0,1): |z —y|<d = |22 —9?| <e

Pick € > 0. Let § = % Pick 2,y € (0,1) with |z — y| < 8. Then

22 =2 =z +y)@ -yl < (2l +yhlr -yl <(1+1)d=20=¢ .

4. Consider the function

LU if (x, ,
f R2—>RZ($ y)_> /22 +y2 y)#
0 if (z,y) = (0,

(a) Calculate %(0,0) and %(0,0).

(b) Is f(x,y) differentiable at (0,0)? Justify your answer!

Proof : (a) Using the definition of partial derivatives, we get

h-0

_ _h0__
9 (0,0 = tim 0RO SO0y vim@ Z7_
ox h—0 h h—0 h
af £(0,0+ h) — £(0,0) —Zh 0

- 2 2
22(0,0) = lim 2= = i YR =...=0
dy h—0 h h—0 h

Next, we need to check if

f((0,0) + (z,9)) = f(0,0) = (0,0) - {z, ) _

lim =0
(2,9)—(0,0) Gz, 9l
We easily get that for all (z,y) # (0,0)
Ty _ 0
f((0,0) + (z,y)) = f(0,0) = (0,0) - {x,y) _ V/a2+y? zy

[[(z,y)|l VaZ+yr a2 +y?

Let £ € R and consider the line y = kx.
Then

) x(kx) . ka? k
lim ——— = lim =
1—0 22 + (kx)?  2—0 (1 4 k?)2? 1+ k2
Since this limit clearly depends on k, we get that f is NOT differentiable at (0, 0). d
+00 iy
5. Suppose that the series of real numbers Z ay, converges absolutely. Prove that the series Z aﬁ converges.
k=0 k=0
+oo
Proof : Since the series Z ay, converges, it follows from the Zero-Test that the sequence (ax)r>o converges to zero.
k=0

In particular, we have :

ANEN:VE>N:|ap—0/ <1



Since |ag| < 1 for all £k > N, it follows that

ap = lag|* <lag| forall k> N

+o0 too
Since the series Z ay, converges absolutely, we have that the series Z laj| converges. Since af < |ay| for all k > N,
k=0 k=0
“+o0
we get that the series Z ai converges by the Comparison test. Il
k=0

6. Let S C R be nonempty and bounded below. Put
L = {z € R|z is a lower bound for S}

Prove that inf(S) = sup(L).

Proof : Put a = inf(S) and 8 = sup(L). Since « is a lower bound for S, we have that & € L. But ( is an upper
bound for L. So a < .

Suppose that o < (. Since 3 is the smallest upper bound for L and a < 3, we have that « is not an upper bound for
L. Hence o < 7y for some v € L. Since v € L, we have that v is a lower bound for S. But o < 7, a contradiction since
« is the largest lower bound for S.

Hence o = (3 or inf(S) = sup(L). O

7. Consider the function f,, : [1,4+00) = R: 2z — * . for all n > 1.

n

nx? +

(a) Find lirJIrl fn and prove that the sequence (f,),>1 converges uniformly on [1, +00).
n—-—1+0oo -

5

(b) Evaluate liIJIrl fn(x) dx. Justify your answer!
n—-+0oo 1

1
Proof : (a) Put f:[1,+00) — R: 2 — —. We prove that the sequence (f,),>1 converges uniformly to f on [1, +00).
47r00] - >

So we need to show :
Ve>0:3dN e N:Vn > N,Vx € [1,400) : |fulx) — f(z)| <€

1
Pick € > 0. Let N € N with N > =. Pick n > N and z € [1,+00). Then z(n2z?> +1) >1-(n+1) =n+ 1 > n. Hence
€

-1 1

nr 1 _
z(nx? +1)|  z(na2+1

n2+1 =z

1<1<
- < —<e€
n_- N

[fn(z) = f(2)] =

) <

(b) Since the sequence (f,)n>1 converges uniformly to f on [1,+00) (and hence also on [1,5]) and f,, is continuous
(and hence Riemann integrable) on [1, 5], we have that

5 5 5
Jim [ p@de= [ tim p)de= [ p@d

Hence

5 5
. nw 1
lim . dox = / —dz = [In(z)]} = In(5) O

n—-+o00 1 1




8. Prove that every Cauchy sequence of real numbers is bounded WITHOUT using the fact that a Cauchy sequence
of real numbers converges.

Proof : Let (x,)n>1 be a Cauchy sequence. So we know
Ve>0:3N eN:Vm,n> N : |z, —z,] <e€

In particular, we get
AN eN:Vm,n > N : |z, —x,] < 1

Pick n > N. Then |z, —zn| < 1. So -1 <z, —ay < 1. Hence

“l—-lzy|<-l14+zy<zp <l4zy <14 |2py]

So

|zn| <14 |zy| foralln >N
Put M = max{|z1|,|z2|,...,|zn-1|,1 + |zn]|}. Then clearly |z,| < M for all n > 1. So the sequence (z,)n>1 is
bounded (by M). O

23 — cos(kx)

2 g2 converses uniformly on [—2,1].

+oo
9. Prove that the series Z
k=1

Proof : Pick k > 1. Then for all « € [-2,1], we have that

|2® — cos(kz)| < 23| + | cos(kz)| <8 +1=9

and
|k? + 32%| = k2 + 322 > k2
Hence 5
- k 9
%0;;21,) S ﬁ for all S [72, 1]

+oo
Since the series Z 7z converges (it’s a p-series with p = 2), it follows from the Weierstrass M-test that the series

k=1
too 3 k
2 %Ogif) converges uniformly on [—2, 1]. O

10. Let f : R — R be continuous over R. Suppose that f(0) = 0. Prove that f is differentiable at 2 = 0 if and only if
there exists a function g : R — R such that g is continuous over R and f(x) = z g(x) for all z € R.

fz) = f(0)

Proof : By definition of differentiability, we have that f is differentiable at x = 0 if and only if lirr%) 0
4rooj P T

exists. Since f(0) = 0, we have

f(x)

f is differentiable at x = 0 <= lin% —— exists.
Tr— X

Suppose first that there exists a function g : R — R such that g is continuous over R and f(z) = z g(x) for all z € R.
Then

@ =g(z) forallz#0
Hence
tim 757 = i ote) =000



since ¢ is continuous at x = 0. Hence lim exists. So f is differentiable at =z = 0.

f(z)

z—0
Suppose next that f is differentiable at x = 0. Then lir% /(@) exists. Consider the function
r— €T
f=) ifx#0
g R—-R:z— x
lim @ ifx=20
z—0 X

Since f is continuous on R, it follows that g is continuous on R\ {0}. Also,

tim (o) = 1, 7 =00

So g is also continuous at = 0. Hence g is continuous on R. Since f(0) =0 =0-g(0), we get that f(x) =z g(x) for
all z € R. ]

11. Suppose that f : [a,b] — Q is continuous over [a,b]. Prove that f is constant over [a, b].

Proof : Suppose that f is not constant on [a,b]. Then there exist a < ¢ < d < b with f(c¢) # f(d). Let r be an
irrational number between f(c) and f(d). By the Intermediate Value Theorem, there exists x € [c,d] with f(x) =r,
a contradiction since f([a,b]) C Q.

Hence f is constant on [a, b]. O

12. For n > 1, put
1-3-5---(2n—1)
2:4-6---(2n)

Ap =

1
Prove that the sequence (a,),>1 converges and that 0 < lim a, < 3

n—-—+o0o

Proof : We easily see that a,, > 0 for all n > 1.
For n > 1, we get that

1-3-5---(2(n+1)—1) 1-3-5---(2n—1) 2n+1 2n+1

246 (2(n+1)  2:4.6--(20) 2m+2 " 2mt2

ap41 = < an

So the sequence (a,),>1 is a decreasing seqeuence that is bounded below (by 0). Hence the sequence (a,, ), >1 converges.

1
Since the sequence (an)n>1 is decreasing and a; = 3 we get that

1
Ogan§§ foralln>1
Considering the limit as n — +o00, we find
1
0< lim a, <= O
n—-+oo 2

10
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1. PUtf:RHR;xH{ z+422%sin (L) ifz#0

0 ifr=0
Show that f'(0) = 1.
Proof : Using the definition of differentiability, we get

- f(0 +222sin (L) -0 1 1
£(0) = lim L& =SO) o H2 sin () :1m1(1+2x$n(>>::L+hm2x$n()
x—0 x—0 x—0 x—0 x—0 x z—0 x

Since 0 < [sin(t)| < 1 for all t € R, we have that

1
2z sin (> ’ = 2|z|
T

Since 1iI%O = lin%) 2|z| = 0, it follows from the Pinching Theorem that

2x sin <1) ‘ =0
0 T

lim
lim 2z sin <1) =
x—0 xr

So f/(0)=1+0=1. O

0<

1
sin ($> ‘ <2|z|] forallz#0

Hence

2. (a) State the e-d definition of a limit of a function of two variables :

lim z,y) =L << ---
(zy)—(ab) f@y)
o %y : .
(b) What is ( %nn(o 0 Z L ? Prove your answer using the definition from (a).
z,y)—(0, X Yy
Proof : (a) ( %Hn( b)f(x,y) =L < Ve>0:30>0:V(z,y) € D:0<||(z,y) — (a,b)]| <6 = |f(z,y)—L|<e
- x,y)—(a,
2
(b) We will prove that  lim % = 0. So we have to show
(z,9)—(0,0) T2 + Y

2
Ye>0:36>0:VY(x,y) €R?:0 < |(x,y) — (0,0)]| <§ = ‘xf_’_nyO‘<e

Pick € > 0. Put § = €. Pick (z,y) € R? with 0 < ||(z,y)|| < 0. Note that |(z,9)| = /22 + 42, |z| < ||(z,y)|| and
lyl < [l(z,y)l|. Hence

$2y

22 + 2 B

I Il - [l )
1z, )12

= [l(z,y)l| <d=e U

e

11



= vn sin(a™)

3. Prove that the series Zl PR converges uniformly over R.
Proof : Pick n > 1. Then for all x € R, we have that

|Vasin(z™)| = v/n|sin(z")| < vn  and  z? 4+ n? >n?

Hence
nsin(z n 1
v §£:—3 forallz € R
St 4n? n? na
+o00 3
Since the series E — converges (it’s a p-series with p = 5), it follows from the Weierstrass M-test that the series
2
n= 1
nsin(z
E f4 converges uniformly over R. ([
xt +n?

n=1

4. Let f: R — (0,400) be a function such that f(z +vy) = f(z)f(y) for all z,y € R.
(a) Find f(0).

f(x)
fy)

(¢) Prove that f is continuous at 0 if and only if f is continuous over R.

(b) Prove that f(x —y) = for all z,y € R.

Proof : (a) Putting z = y = 0, we find that f(0) = (f(0))%. So f(0) € {0,1}. Since f(0) € (0,+0c0), we have that
70) = 1.
(b) Substituting y = —z into the property for f, we find

1= f(0) = f(z —x) = f(z)f(—2)

Since f(x) # 0, we get

fl=z) = ﬁ for all z € R
Substituting y = —y into the property for f, we get
e — @

(c) If f is continuous over R then clearly f is continuous at 0. So suppose that f is continuous at 0. Pick a € R. We
need to show that f is continuous at a. So we need to prove :

Ve<0:30>0:VeeR: |z —a|<d = |f(z)— fla)] <€

Pick € > 0. Since f is continuous at 0, we have (recall that f(0) =1 and that f(a) # 0) :

€

dd>:VeeR:|lz-0|<d = |f(x)—1| < —
Pick x € R with |:1:—a|<6. Then|(a:—a)—0|<6and SO

€

f(a)

[f(x—a)-1] <

12



By (b),

T G ’:’f(ﬂf)—f(a) _ @) = fla)l _ e
o= -11= |75 1] = [P @ 7@

Hence |f(x) — f(a)] < e.

So f is continuous at a. Since a was arbitrary, we get that f is continuous over R. O

5. Let f : (a,b) — R be twice differentiable over (a,b) and 27 < 22 < x3 points in (a,b) with f(z1) > f(x2) and
f(z3) > f(x2). Prove that there exists a point ¢ € (a,b) with f”(¢) > 0.

Proof : Note that f is continuous on [z, z2] and differentiable on (z1,z2). Hence it follows from the Mean Value
Theorem that
flz2) = flz1)

T2 — T1

= f'(y1) for some y; € (w1, x2)

Since f(z1) > f(z2) and 21 < x2, we get that f'(y1) < 0.
Similarly, f is continuous on [z, 23] and differentiable on (z2,x3). Hence it follows from the Mean Value Theorem

that
T8 ZJ@2) _ priy,)  for some s € (2, 23)
r3 — T2
Since f(xz3) > f(z2) and z3 < x3, we get that f'(y2) > 0.
Note that 1 < y1 < 22 < y2 < x3. Since f is twice differentiable over (a,b), we get that f’ is differentiable over (a,b)
and hence continuous on (a,b). So f’ is continuous on [y;, y»] and differentiable on (y1,y2). It follows from the Mean

Value Theorem that , ,
f'(y2) = f'(y1)

Y2 =N
Since f'(y2) > 0> f'(y1) and y1 < ya, we get that f’(c) > 0. O

= f"(¢) for some ¢ € (y1,y2)

6. Let f : [a,b] — R be continuous and positive over [a, b]. Prove there exists a point ¢ € [a,b] with f(c) = v/ f(a)f(D).
Proof : We may assume that f(a) < f(b). Then
fla) </ fa)f(b) < f(b)
Indeed, since f is positive, we get
fla) < VF(@)f(b) <= (f(a))® < f@)f(b) <= 0< f(a)f() - (f(a)® = f(a)(£(b) - f(a)

Similarly, we get that \/f(a)f(b) < f(b).
It now follows from the Intermediate Value Theorem that /f(a)f(b) = f(c) for some ¢ € [a, b]. O

7. For all n > 1, let f, : [0,1] — R be continuous over [0, 1]. Suppose that the sequence (f,)n>1 converges uniformly
to some function f on [0, 1]. Prove the following :

Ve>0:3IN €N, 3§ >0:Yn > N,Vz,y € [0,1] : |z —y| < I = |fulz) — fu(y)] <€
Proof : Pick € > 0. Since the sequence (f,)n>1 converges uniformly to f on [0, 1], we get that

aNeN:\mzN,\me[o,1]:|fn(x)—f(x)|<§ (+)

13



Since the sequence (f,)n>1 converges uniformly to f on [0,1] and f,, is continuous on [0, 1] for all n > 1, we get that
f is continuous on [0,1]. But [0,1] is compact. Hence f is uniformly continuous on [0, 1]. So we get

B>0:Vay el le—yl <6 = [f@) - f@l <5 ()

Pick n > N and z,y € [0,1] with |z — y| < . Using (*) and (**), we get

[(fu(2) = f(@)) + (f(2) = fF(v) + (f () = fu))]

< fule) = F@) + 1 (@) = F)l + | faly) = f()]
_ofLf €
3 3 3
= ¢ O
n cos(x) .
8.(a) Foralln > 1, put f, : [0,1]] = R: 2z — P Prove that the sequence (f,)n>1 converges uniformly on [0, 1].
n+e =

! ncos(w)

(b) Calculate lim
n—+oo Jo N +ev

dzx. Justify your answer!

Proof : (a) Put f:[0,1] — R: 2 — cos(x). We prove that the sequence (f,),>1 converges uniformly to f on [0, 1].
So we need to show :

Ve>0:3dN e N:Vn > N,Va € [0,1] : |fu(x) — f(z)| <€

Pick € > 0. Let N € Nwith N > <. Pickn > N and z € [0,1]. Then |e® cos(z)| = e”| cos(x)| < e* < e and n+e* > n.
€

Hence
n cos(x)

n 4+ e*

e*| cos(x
_ eleos(a)] _

e e
n 4+ e* n

N

[fn(z) = f(2)] = — cos(x) < —<e

n 4+ e*

B ‘ —e® cos(x)

(b) Since the sequence (fy,)n>1 converges uniformly to f on [0, 1] and f,, is continuous (and hence Riemann integrable)
on [0,1], we have that

lim /01 fn(:r)dx/ol lim fn(:v)dx/ol flx)dzx

n—-+oo n—-+o0o
Hence
1
. 1 COS(T
lim (z)
n—+oo Jog N+ €e*

de = /01 cos(z) dz = [sin(x)]} = sin(1) O

9. (a) State the definition of a Cauchy sequence.
(b) Suppose that 0 < a < 1 and (z,),>1 is a sequence of real numbers with |z,,+1 —z,| < a” for all n > 1. Prove that
the sequence (x,),>1 converges.

Proof : (a) The sequence (z,,),>1 is a Cauchy sequence if and only if
Ve>0:dN eN:Vm,n> N : |z, —x,| <c¢

(b) We will prove that the sequence (z,),>1 is a Cauchy sequence. Pick € > 0. Let N € N with N > log,(e(1 — a)).
N

Then aV < a'8(€1=@) — ¢(1 — ) and so

< e. Pick m,n € N with m,n > N. If m = n then |z, —z,| =0 < e.
—a

14



So we may assume that m > n. Then

|zm*zn| = ‘(xm*mm—1)+(xm—1 *xm—2)+"'+(zn+l *xn)|
< ‘-rm - xm—1| + |xm—1 - -rm—2| +---+ |xn+1 - xn|
< am—l_i_am—Z_’_.“_i_an
< an+an+1_’_an+2+._.
an
T 1-a
aN
<
- 1-a
< €
So the sequence (z,),>1 is a Cauchy sequence and hence converges. O

10. Let (M, d) be a metric space.

(a) Let A C M. State the definition of an open set. So

AC M isopen <= ---
(b) Let a € M and r > 0. Prove that the set B(a,r) :={x € M |d(a,z) < r} is open.

Proof : (a) A C M is open if and only if
Va€eA:36>0:Ve e M :d(a,x) <d = x€ A
(b) We need to prove : Yy € B(a,r):30 >0:Vz € M : d(z,y) <d = = € Bla,r).
Pick y € B(a,r). Then d(a,y) < r and so § := r —d(a,y) > 0. Pick x € M with d(x,y) < §. it follows from the
Triangle Inequality that
d(a,z) < d(a,y) +d(y,z) < d(a,y) + 0 =d(a,y) +r —d(a,y) =7

Hence z € B(a,r). O

11. Let A C R be compact and A > 0. We define AA := {\x |z € A}. Prove that AA is compact.

Proof : Recall that a set D is compact if and only if every sequence in D has a subsequence that converges to some
element in D.

Let (yn)n>1 be a sequence in AA. Then for all n > 1, we have that y,, = Az, for some z,, € A. Since A is compact, we
have that the sequence (x,),>1 has a subsequence (z,, )r>1 that converges to some element a € A. Since y,, = Az,
for all k > 1, we get that (y,, )x>1 is a subsequence of (y,)n>1 that converges to Aa, which is an element of AA.
Hence AA is compact. O

12. Let @ # S C R be bounded.
(a) Prove there exists a sequence (s,)n>1 in S that converges to sup S.

(b) Issup S € S?

15



Proof : (a) Put a =supS. Since a is an upper bound for S, we have
VseS:s<a (%)
Since « is the smallest upper bound for S, we get
Ve>0:ds€S:a—e<s ()

It follows from (**) that

1
Vn>1:3s, € S:a—— <sy,
n

Combining with (*), we find
1
a——<s,<a foralln>1
n
Since lim (a — ) = lim «a = q, it follows from the Pinching Theorem that lim s, = a.
n—-+oo n n—-+oo n—+o0
So (sn)n>1 is a sequence in S that converges to a = sup(S).

(b) NO : Put S =(0,1). ThensupS=1¢S5.

16
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n cos(nx)

T converges uniformly over R.
et +n

+oo
1. Prove that the series Z

n=1

Proof : Pick n > 1. Then for all z € R, we have that |ncos(nz)| = n|cos(nz)| < n and |e* + n3| = e* + n® > n3.
Hence

cos 1
w Sﬂz— for all x € R
e* +n3 n3  n?
“+o0
Since the series Z — converges (it’s p-series with p = 2) it follows from the Weierstrass M-test that the series
n
n=1
X ncos(na)
Z —— 5 converges uniformly over R. O
—_ et +n

2. (a) Let I be an interval, f: I — R a function and ¢ € I. State the -6 definition :

f is continuous at ¢ if and only if ...

(b) Use the definition you gave in (a) to prove that f(x) = is continuous at z = 1.

z
2 +1
Proof : (a) f is continuous at ¢ if and only if

Ve>0:30>0:Veel:|z—c <0 = |f(z)— flc) <e
1
(b) Note that the domain of f is R and f(1) = 7 So we need to prove

1
Ve>0:30 >0:Vz e R: _r =z <€
z24+1 2

Pick € > 0. Put § = min{1,2¢}. Pick € R with |z — 1| < 6. Note that 22 +1 > 1 and 6% < § since 0 < § < 1. Hence

x 1 2z — 2% — 1 |z — 12 - 52 <5< 0
—_— | = = _— — €
x2+1 2 2(z2 4+ 1) 2(z2 4+ 1) 1727
n sin(n)
3. Prove that the sequence { ——— has a convergent subsequence.
n+l /s
Proof : Note that
nsin(n) _ n|sin(n)| < n 1 foralln>1
n+1 n+1 n+1
Hence the sequence <nsm(n)> is bounded. By the Bolzano-Weierstrass Theorem, the sequence <nsm(n)>
n+1l /.5, n+1 /.54
has a convergent subsequence. [l

4. Prove that 1 + 2z In(z) < 22 for all > 1.
Proof : Put f(x) = 2% — 2zIn(z). We need to prove that

fl)y>1 forallz>1

17



We easily get that

2 2xz-1
fl(z)=22x—-2In(z) -2 and f'(z)=2--= Hr=1) forall z > 1
x x
Hence
f(x)>0 forallz>1
So f’ is increasing on [1, +00). Hence
f(x)>f(1)=0 forallz>1
So f is increasing on [1,4+00). Hence
fl@)>f(1)=1 forallaz>1 O

5. (a) Calculate lilgl+ VzIn(z).
(b) Prove that f(x) = /zln(z) is uniformly continuous over (0,1) (do not use the definition of uniform continuity).

Proof : (a) We easily get that
lim zln(z) =0-(—00)

z—0t

Hence we rewrite the limit and use 'Hospital’s Rule :

1 1
lim zln(z) = lim n(z) H lim T — = lim (72x%> =0
1 1 -3
r—0t z—0t 7z z—0t —5x 2 z—0t

(b) It follows from (a) that lim+ f(z) exists. Clearly, lim f(z) exists since f is continuous at x = 1. Hence f is
z—0 r—1-

uniformly continuous on (0, 1). O

1

6. Calculate lim n/n cos(x?) dx. Justify your answer!
0

n—-+o0o

Proof : Pick n > 1. By the Intermediate Value Theorem for integrals, we get that

1
n 1 1
/ cos(z?) dx = ( - O) cos(c?)  for some ¢, € (0, )
0 n n

1

n/ cos(z?) dx = cos(c?)
0

Hence

1 1
Since 0 < ¢, < — foralln > 1 and lim 0= lim — =0, it follows from the Pinching Theorem that (¢, )n>1 — 0.
n >

n—oo n—oo N

Since the function cos(z?) is continuous at z = 0 and (¢, )n>1 — 0, we get that

1 2
lim n/ cos(z?)dx = lim cos(c?) = cos (( lim cn> ) =cos(0?) =1 O
0

n—-+oo n—-+oo n—-+o0o

7. Let f: R — R be differentiable over R. Prove that f is continuous over R.
Proof : Pick a € R. Since f is differentiable at x = a, we get that

R IOEI0)

r—a r—a

= f'(a)

18



Hence

lim (f(2) — f(a)) = lim ((:v - a)f(g”)_f(a)) - <lim (z — a)) <lim fm_f(‘”) =0-f(a)=0
T—a r—a Tr—a Tr—a r—a Tr—a
So lim f(z) = f(a). Hence f is continuous at = a. Since a was arbitrary, we get that f is continuous over R. O
8. Forn > 1, put
S P S
TRl nte m—1  2n
Prove that the sequence (z,,),>1 converges.
Proof : Pick n > 1. Then
< - 4y et b ]
xn < xn — . e — S P
i n+1 ' n+2 n—1 20~ (n+1)+1  (n+1)+2 2n+1)—1 " 2(n+1)
— 1 + 1 n 1 + 1 < 1 1 1 1
n+1l n+2 2n—1 2n " n+2 n+3 2n+1 2n+42
1 1 1
— <
n+1" 2n+1 +2n+2
<~ ! < 1
M+2 - 2n+1
<— 2n+1<2n+2
So the sequence (z,,),>1 is increasing.
Pick n > 1. Note that the formula for z,, contains n terms :
1
=D
—nt k
Since n+ k > n for k=0,1,...,n, we easily get that
1 1
™= RS
k=1 k=1
Hence the sequence (x,,),>1 is increasing and bounded above (by 1). So the sequence (x,,),>1 converges. O

9. Let (M, d) be a metric space. We define d*> : M x M — R : (z,y) — (d(x,y))%. Is (M,d?) a metric space? Prove

your answer!

Proof : NO : the Triangle Inequality fails. Consider R with the regular distance. Put x =0, y = 2 and z = 1. Then

dz,y)=10—-2]=2 , d(z,z)=10—-1]=1 and d(y,z)=1]2—-1] =1

Hence
d*(z,y) =4 ,d*(z,2z) =1 and d*(y,z) =1

But
Play) =4 £2=141=d(z,2) + d(y, 2)
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10. Prove that f(x) = f_ 1 is uniformly continuous over [0, +00) using the definition of uniform continuity.
x
Proof : We need to prove
Ve>0:30>0:Vz,y€[0,400): |z —y|<d = |f(x) — fy)|<e

Pick € > 0. Put 6 = e. Pick z,y € [0, +00) with |z —y| < 0. Note that z+1>1 and y +1 > 1. Hence

T Y _
r+1 y+1|

T —y ’_ [z —y| 5

(z+1)(y+1) ST1707¢ H

|f(@) = f(y)| = T (z4+Dy+1) 1-1

11. Let A=Qn0,1]. Is A compact? Prove your answer!

Proof : Recall that a set A is compact if and only if every sequence in A has a subsequence that converges to some

element in A.

We can easily find a sequence (x,),>1 in A that converges to some irrational number r (e.g. let z, be the rational
1 10m

number we get by considering the first n digits of the decimal expansion of ﬁ; SO T, = {\/5

(n)n>1 will converge to r. Hence A is not compact. O

} ). Any subsequence of

1
nr

12. Calculate lim dz. Justify your answer!
n—+o0o Jo N+ 3
" foralln>1and f:00,1] = R: 2 — z. We prove that the sequence (fy,)n>1

Proof : Put f, : [0,1] = R:2z — e
— n+x

converges uniformly to f over [0,1]. So we need to prove
Ve>0:3IN eN:Vn>N,Vz € [0,1]:|fn(z) — f(z)] <€
1

Pick € > 0. Let N € N with N > ~. Pick n > N and = € [0, 1]. Note that 2* < 1 and n + 23 > n. Hence
€

4

—r 4

x <1<1<
= —<—<e
n+a23 " n - N

[fn(2) = f(2)] =

n + a3 n+ a3

ne ‘

So the sequence (f,)n>1 converges uniformly to f over [0, 1]. Since f,, is continuous (and hence Riemann integrable)
on [0, 1], we get

1 1 1
”ETOC/O fn(x)de/o ngr—&{loofn(l‘> dac:/0 f(z)dx
So

1

1 1
1 1
lim nxgdx:/ xdr = |=2?| == O
n—-—+00 0 ner 0 2 0 2
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1. Let X and Y be sets and f : X — Y a function. Recall that f(A4) =
one-to-one on X if and only if f(A\ B) = f(A4)\ f(B) for all A,B C X.

Proof : Suppose first that f is one-to-one. Let A, B C X. Pick y € f(A\ B). Then y = f(z) for some z € A\ B.
So y = f(x) € f(A). Suppose y € f(B). Then y = f(2') for some 2’ € B. Since f is one-to-one, we get that = = x/,
a contradiction since z € A\ B and 2’ € B. Hence y ¢ f(B) and so y € f(A4) \ f(B). Thus f(A\ B) C f(A)\ f(B).
Let y € f(A)\ f(B). Then y = f(z) for some z € A since y € f(A). But y ¢ f(B) and so x ¢ B. Hence z € A\ B
and so y = f(z) € f(A\ B). Hence f(A)\ f(B) C f(A\ B) and so f(A\ B) = f(A)\ f(B).

Suppose next that f(A\ B) = f(A)\ f(B) for all A, B C X. Let z,2’ € X with f(z) = f(2’). Suppose z # z’. Put
A ={z} and B = {2'}. Then

{f(@)} = f({x}) = f{z}\{2'}) = F(A\ B) = f(A)\ f(B) = F{zD) \ f({z'}) = {f (@)} \ {f(=")} =0

a contradiction. Hence x = z’. So f is one-to-one. O

{f(a)|a € A} for all A C X. Prove that f is

2
2. Prove that cos(z) > 1 — % for all z > 0.

2
Proof : Put f(x) = cos(z) + % We need to prove that f(z) > 1 for all x > 0. We easily get that

f'(x)=—sin(z) +2 and f’(x)=—cos(z)+1 forallz>0
Since —1 < cos(x) <1 for all x € R, we see that f”(z) > 0 for all # > 0. Hence f’ is increasing on [0, +00). So
fi(x)> f(0)=0 forallz>0

Hence f is increasing on [0, 4+00). So

f(z) > f(0) =1 for all z > 0. O

3. (a) Let (@,)n>1 be a sequence in the k-dimensional Euclidean space R* and @ € R¥. State the s-N-definition :
n)n>1 converges to @ if ...

(@
(b) Let (@n)n>1 (respectively (by)n>1) be a sequence in R¥ that converges to @ € R* (respectively b € R¥). To which
element of R¥ does the sequence (2a,, — 3bp)n>1 converge? Prove your answer using the definition you stated in (a).

Proof : (a) The sequence (@,)n>1 converges to a if and only if and only if
Ve>0:INeN:Vn>N:|d, —d|| <e

(b) We prove that the sequence (2a,, — 35n)n21 converges to 2@ — 3b. Pick e > 0. Since the sequence (@, )p>1 converges
to @ and the sequence (b,)n>1 converges to b, we have

3N1€N3Vﬂ2N1:|‘dn—d|‘<

ol

HNQEN:VTLZNQ:HZ;”_5H<§

Put N = max{Nj, Na}. Pick n > 5. Then it follows from the Triangle Inequality that

21



— - —

(2@, — 3b,) — (2@ = 30)|| = |(2(@ — @) = 3(bn — b)|| < 2] — al| + 3B — ]| < 2-

|
e}
O

+3-

ot
ot ™

4. Let f: R — R be a function such that f(z +y) = f(z) + f(y) for all ,y € R. Suppose that f is continuous at
x = 0. Prove that f is continuous over R.

Proof : Putting x = y = 0, we get that f(0) = f(0) + f(0) and so f(0) = 0. Substituting y = —z, we get that
0= f(0) = f(x—2)= f(x)+ f(—=) and so f(—z) = —f(x) for all x € R. Substituting y = —y, we get that
fl@—y) = f@)+ f(-y) = f(z) — f(y) for all z,y € R.

Pick a € R. We need to prove that f is continuous at x = a. So we need to show
Ve>0:30>0:VeeR:|z—a|] <d = |f(z)— fla)| <e¢
Pick € > 0. Since f is continuous at « = 0, we have (recall that f(0) =0) :
F>0:VeeR: |z -0/ <d = |f(x)| <e
Pick € R with | —a| < 4. Then |(z —a) — 0| < § and so
[f (@) = fla)| = |f(z —a)| <e

Hence f is continuous at * = a. Since a was arbitrary, we get that f is continuous over R. O

5. Let f : (a,b) — R be differentiable over (a,b) such that f’ is bounded on (a,b). Prove that f is uniformly
continuous over (a, b).

Proof : We need to show that
Ve>0:30 >0:Vz,y € (a,b): |z —yl<d = |f(z)— fly) <e
Pick € > 0. Since f’ is bounded on (a,b), we have
M > 0:Vz € (a,b) : |f'(x)| < M

Put § = ﬁ Pick z,y € (a,b) with |x —y| < §. If =y then |f(z) — f(y)| = 0 < e. So we may assume that x # y, say

x > y. Note that f is continuous on [y, z] and differentiable on (y, ). Hence it follows from the Mean Value Theorem

that
W = f'(¢) for some ¢ € (y,x)
Hence
[f(@) = fW) =1 ()l -yl < Mz —y| < Mé = ¢ O

6. Let f:[1,2] — [0,4] be a continuous function such that f(1) = 0 and f(2) = 3. Prove that there exists ¢ € [1, 2]
such that f(c) = c.

Counsider the function g : [1,2] = R: 2 — f(z) — 2. Then ¢ is continuous on [1,2], g(1) = f(1) =1=0-1=-1<0
and g(2) = f(2) —2=3—-2=1 > 0. By the Intermediate Value Theorem, we get that g(c) = 0 for some ¢ € [1,2].
Hence f(c) = c. O
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1
. x .
7. Evaluate lim ———— dx. Justify your answer!
n—+oo Jo X%+ ner

Proof : Forn > 1,put f,:[0,1]] > R:2 — p and f:[0,1] — R: 2 — 0. We will prove that the sequence

(frn)n>1 converges uniformly to f on [0, 1]. So we need to show

Ve>0:IN eN:Vn > N, Vx € [0,1] : |fulz) — f(z)| <€

1
Pick € > 0. Let N € Nwith N > =. Pick n > N and z € [0,1]. Then |z| = z < 1 and |2%+ne®| = 2% +ne® > ne® > n.
€
Hence ) .
x
— ——7 << =
1)~ 1@ = | s —0 £ 2 5 <

Since the sequence (f,)n>1 converges uniformly to f on [0,1] and f, is continuous (and hence Riemann integrable)
on [0,1], we have that

lim /Olfn(x)dx/ol lim fn(z)do:/olf(x)dx

n——+oo n——+oo

So

1 1
lim % dx = / 0dr=0 O
n—+oo [ x* + ne’ 0

+oo
8. Prove that the series Z —e™ "™ converges uniformly over [1,400) to some function f. Find a closed form for
n

f'(@). "

Proof : For all m > 1 and all z € [1,+00), we have that

le—n;r — le—nw < e T L e
n n o o
“+oo
Since the series Z e~ ™ converges (it’s a geometric series with ratio e=1), it follows from the Weierstrass M-test that
n=1

“+oo
1
the series E —e~ ™ converges uniformly over [1,4+00) to some function f.
n
n=1

1
Put f, : [1,400) > R: 2z — —e ™" for all n > 1. Note that f](z) = —e™"" for all n > 1. Moreover, for all n > 1 and

n
all z € [1,+00), we have that
| o efnw| — e N% < e

+oo

Since the series Z e~ converges (it’s a geometric series with ratio e1!), it follows from the Weierstrass M-test
=1
—Zloo too
that the series z (fe*m) converges uniformly over [1,+00) to some function g. Since the series Z fn converges
n=1 n=1
+oo
uniformly on [1,400) to f and the series Z f/, converges uniformly on [1,4+00) to g, we have that f’ = g on [1, +0c0).
n=1
Hence
©= = e ”* 1
/ _ _ / _ _—nT\ _ _ _
f(x)—g(x)—;fn(m)—;( e ") = e forall z > 1 O
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9. Let (M, d) be a metric space. For x,y € M we define e(z,y) = min{1,d(z,y)}. Prove that (M, e) is a metric space.

Proof : Pick z,y € M. Since 1 > 0 and d(z,y) > 0, we get that e(x,y) = min{1, d(z,y)} > 0.
Also, e(z,y) =0 <= min{l,d(z,y)} =0 <= d(z,y) =0 <= z=y.

Since d(x,y) = d(y, z), we have that e(x,y) = min{l, d(z,y)} = min{l, d(y,z)} = e(y, z).

Pick x,y,z € M. We need to prove the Triangle Inequality :

e(z,y) <e(z,z) +e(z,y)
If d(xz,z) > 1 or d(z,y) > 1 then e(z, z) = min{l,d(z,2)} =1 or e(z,y) = min{1,d(z,y)} = 1; hence
e(z,y) = min{l,d(z,y)} <1 <e(z,2) +e(2,y)

So we may assume that d(z, z) < 1 and d(z,y) < 1. Then by the Triangle Inequality, we get
e(z,y) = min{l,d(z,y)} < d(z,y) < d(z,2) + d(z,y) = min{l,d(x, 2)} + min{1,d(z,y)} = ez, 2) + e(z,y) O

10. Let (an)n>1 be a sequence of real numbers that converges to o € R. Suppose that § € R such that a,, < for all
n sufficiently large. Prove that a < 8 WITHOUT using the Pinching Theorem.

Proof : Suppose that o > 3. So a — 3 > 0. Since the sequence (a,),>1 converges to a, we have
IN: eN:Vn >Ny ia, —al<a-—-p0
Since a,, < g for all n sufficiently large, we know that
dNo eN:Vn>Ny:a, <f
Pick n > max{Ny, No}. Then a,, < 8 and |a, — a] < a — 3. Hence
—(a—-p)<ap,—a<a-0

So B < a, a contradiction.
Hence a < g. O

an1+a7;1—1 +~~~+%+a020. Put P(x) = apa™ + ap_q2" 1 4 - +

n
a1z + ag. Use the Mean Value Theorem (or Rolle’s Theorem) to prove that P(a) = 0 for some a € (0,1).
Proof : Put

11. Let ag,a1,...,an—-1,a, € R such that

flx) = / P(t)dt = / (ant™ + ap_1t" "+ Fagt +ag)dt = %x"“ + %x" + et %aﬁ + apx
0 0

By the Fundamental Theorem of Calculus, we have that f/(z) = P(z). Clearly, f is continuous on [0, 1] and differen-
tiable on (0,1). Also, f(0) =0 and f(1) = nci:l + ann_l +-F % + ap = 0. Hence it follows from the Mean Value
Theorem that

for some a € (0,1). O

12. Let A, B C R be compact such that AN B = (). Prove that there exists 6 > 0 such that |a —b| > 6 for alla € A
and all b € B.

Proof : Put S={la—b||a € A,be B} and § =inf S. Then we have
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1.VseS:0<s
2. Ve>0:3ds€S:s<d+¢

Hence we get

VnGN:ESn€S:5§sn<5+l
n

1
Since lim 6= lim (5 + ) =, we get that lim s, = 4. Foralln > 1, we have that s,, € S and so s,, = |a,—by,|
n

n—-+o0o n—-+4oo n—-+oo
for some a,, € A and some b,, € B.
Since A is compact, we get that the sequence (a,)n>1 has a subsequence (an,)r>1 that converges to some element
a € A. Similarly, since B is compact, the sequence (by, )x>1 has a subsequence <bnkl )1>1 that converges to some element
b € B. Since (an,, )i>1 is a subsequence of the convergent sequence (ay,)r>1 (with limit a), we get that the sequence

<ank,>121 converges to a. Hence the sequence < Ay, — by,

>l converges to |a — b|. But it is also a subsequence of
>1

the sequence (|an, —bp|)n>1 = (Sp)n>1 which converges to . So the sequence <

ny, — bny, >l>1 converges to 6. Hence

§ = |a —b|. Clearly, § > 0. If § = 0 then |a — b| = 0 and so a = b, a contradiction since a € A, b€ B and AN B = .
S0 0 > 0.
Pick x € Aand y € B. Then |z —y| € S and so |x —y| > inf S =06 > 0. O
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1. Let f: R — R be an even and monotonic function. Prove that f is constant over R.

Proof : Pick z > 0. Then —z < 0 < x. Since f is monotonic, we get that either

f(=2) < f(0) < f(x) or  f(=z)= [f(0) > f(x)
But f(—xz) = f(x) since f is even. Hence f(—x) = f(0) = f(x). So f is constant : f(y) = f(0) for all y € R. O

2. Prove the ‘Ratio Test’ :

—+oo
a
Let Z a, be a series of real numbers such that the limit L := lim nt1 | exists. Then
o n—+0oo | Ay
—+oo
(i) the series Z an converges absolutely if L < 1.
n=0
—+oo
(ii) the series Z ay, diverges if L > 1.
n=0
a
Proof : (a) Suppose that L < 1. Let r € R with L <7 < 1. Then r — L > 0. Since liril nH = L we get that
n—+oo | ap
AN eN:Vn> N : dntl —L’ <r-—1L
an
a a a
Pick n > N. Then ||—*1 —L’ <r—Landso —(r—L) < |—*| - L <r— L. Hence |—*| < and so
Ay, Qnp an
lant1] < rlay| foralln >N
So
lania| < rlanii| <7 -rlan| =r?a,| for alln > N
Continuing this way, we get that
lanix| < ¥lan|  for all k>0
+oo
Since the series Zrk|aN| converges (it’s a geometric series with ratio r), it follows from the Comparison Test that
k=0
—+o0 +oo —+oo
the series Z lan| = Z |an | converges. Hence the series Z ay, converges absolutely.
n=N k=0 n=0
(b) Suppose L > 1. Let r € R with 1 <r < L. Then L —r > 0. Since lirf 2y L, we get that
n—-—+0oo an
a
IN eN:Vn>N: || —L’ <L-r
QAn
Pick n > N. Then ’ dntl —L’ <L-randso—(L—r)< ‘a"H — L < L—r. Hence |1 > r and so
Qg n an

|ant1]| > 7lan| > |ap|  foralln >N
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Hence the sequence (|a,|)n>n is strictly increasing. So

lan| > lans1| > lan| foralln >N (%)
+oo
Suppose the series Z an converges. Then 1irJIrl an = 0 by the Zero Test. Considering the limit as n — +o00 in (*),
n—-+oo
n=0
we get that
0= lim a,>|ant+1] > lan| >0
n—-+4o0o
+oo
a contradiction. Hence the series Z a, diverges.
n=0

1
1 ifx=— f N
3. Define the function f : R - R:z — o n or some n €

0 otherwise
(a) Show that f is not continuous at x = 0.

(b) Can you alter the definition of f(0) to make f continuous at = 07 Justify your answer!
Proof : We will show that lin% f(z) does not exist. This implies that f is not continuous at x = 0.
4rooj P

1 1
Suppose lin% f(x) exists, say lir% f(x) = L. Since the sequence <> converges to 0, we get that <f <)>
xr— xr— n n

n>1 n>1

1
converges to L. But f () =1 for all n > 1 and so
n

L= lim f(1>: lim 1=1
n

n—-+oo n—-+o00
Since the sequence (0),,>1 converges to 0, we get that (f(0)),>1 converges to L. But f(0) =0 and so

L= lim f(0)= lim 0=0

n—-4o0o n—-—4o0o
Hence 1 = L = 0, a contradiction.
(b) Suppose we can alter the definition of f(0) to make f continuous at x = 0, say the function

. . fla) ifx#0
Q'R*R'x_’{ L ifz=0

is continuous at = 0 for some L € R. Since g is continuous at * = 0, we have that lin%J g(x) = ¢(0) = L. Since
g(x) = f(z) for all z # 0, we have that lin}) f(z) = lirr%J g(x) = L, a contradiction to (a).

Hence we can not alter the definition of f(0) to make f continuous at z = 0.

1
4. Give an e-d proof of the fact that the real function f(x) = — is continuous at z = 2.
x

1
Proof : Note that the domain of f is R\ {0} and f(2) = 7 Hence we need to prove

1 1
Ve>0:30>0:Vz e R\ {0}: |z —2|<d = ‘x2‘<6
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Pick € > 0. Let 6 = min{1,2¢}. Pick x € R\ {0} with |z — 2| < J. Since § < 1, we get that |z — 2| < 1 and so
—1<2z—2<1. Hence 1 <z < 3 and so |2z| = 2z > 2. Hence
1 1‘_’2—x =2l |z -2

< <6<26 .
—_ = f— —_— — = €
x 2 2x |2x] 2 27 2

5. (a) Let f : [a,b] — R be bounded. Define what it means for f to be Riemman integrable over [a,b] using the
notions of upper and lower sums.

1 ifx>0

0 ifz<o B Riemann integrable

(b) Use your definition of part (a) to show that the function f: R - R:z — {
over any closed and bounded interval [a, b].
Proof : Let P ={a=xg,z1,...,2, = b} be a partition of [a,b]. For i =1,2,...,n, we put

m; = inf{f(x) |z € [x;-1,2;]} and M; =sup{f(z)|x € [zi—1, 2]}

The lower and upper sums of f with respect to P are
,C(f, 7)) = Zmz(xl — 1’2',1) and U(f, P) = Z MZ(,CCZ — l’ifl)
i=1 j

Note that L(f,P) <U(f,P).

f is Riemann integrable over [a,b] if and only if
Ve>0:3P:U(f,P)—L(f,P) <e

(b) Suppose first that a > 0. Pick € > 0. Put P = {a,b}. Then my = inf{f(z) |z € [a,b]} = 1 = sup{f(z)|z €
[a,b]} = M;. Hence L(f,P)=U(f,P)=b—aand so 0 =U(f,P)— L(f,P) <e.

Suppose next that b < 0. Pick € > 0. Put P = {a,b}. Then my = inf{f(z) |z € [a,b]} = 0 = sup{f(x) |z € [a,b]} =
M. Hence L(f,P) =U(f,P)=0and so 0 =U(f,P)— L(f,P) <e.

Suppose finally that a < 0 < b. Pick € > 0. Choose a < ¢ < 0 with |¢| < e. Put P = {a,c,0,b}. We easily get that
m =0, me=0,mg=1, Mi =0, My=1 and M3=1
Hence
L(f,P)=0-(c—a)+0-0—¢c)+1-(b—-0)=b and U(f,P)=0-(c—a)+1-0—c)+1-(b—-0)=b—c

Hence U(f,P) — L(f,P)=b—c—b=—c=|c| <e.

So f is Riemman integrable over [a, b]. O

6. Let AC R and for all n > 1, let f, : A — R be a function that is uniformly continuous on A. Suppose that the
sequence (fn)n>1 converges uniformly to f on A. Prove that f is uniformly continuous on A.

Proof : We need to show
Ve>0:30>0:Ve,yeA: |z —y|<d = |f(z)— fly)| <e

Pick € > 0. Since the sequence (f,)n>1 converges uniformly to f on A, we have

ENEN:VnZN,VxeA:|fn(as)ff(z)|<§ (+)
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Since fy is uniformly continuous on A, we get
€
I >0:Ve,ye A:jlz—y|<d = |fN(x)—fN(y)|<§ (k)

Pick z,y € A with |« — y| < 4. The it follows from (*) and (**) that

@)= fwl = [(f(z) = fn(@) + (In(e) = fn() + (v () = f(y)]
< |f@) = fn@)+ v (@) = v+ v () = f)l
< gtzts
= € O

7. Prove that e* > 7(z — 1) for all z > 2.

Proof :
Put f(xz) = e® — 7Tx. We need to prove that f(z) > —7 for all z > 2. Note that

e2>272=729>7

We easily get that f/(x) = e® — 7. Hence f’(z) > €? — 7 > 0 for all z > 2. So f is increasing on [2, +00). Hence
f@)>f(2)=e*—14>7—14=—Tforall z > 2. O

8. Let f : [a,b] — R be continuous on [a, b] and differentiable on (a,b). Suppose f(a) = f(b) = 0 and that there exists
c € (a,b) such that f(c) > 0. Prove there exist z1,xs € (a,b) such that f'(z1) <0< f'(z2).

Proof : Note that f is continuous on [a, ¢] and differentiable on (a,c). It follows from the Mean Value Theorem that

fe) = f(a)

= / f S
p—— f'(x2)  for some x5 € (a,c)

Since f(c) > 0, f(a) =0 and ¢ > a, we get that f’'(z3) > 0.
Similarly, we have that f is continuous on [c, b] and differentiable on (¢, b). It follows from the Mean Value Theorem

that
w = f'(x1) for some z; € (c,b)
Since f(c) > 0, f(b) =0 and b > ¢, we get that f/(z1) < 0. O

9. Let ECRand f,g, fn,gn : E — R be functions for all n > 1 such that (f,),>1 converges uniformly to f on E and
(gn)n>1 converges uniformly to g on E. Suppose that f and g are bounded on E. Prove that (f,g,)n>1 converges
uniformly to fg on F.

Proof : We need to prove
Ve>0:IN eN:Vn > N,V € E: |(fagn)(x) — (fg)(x)] <€
Pick € > 0. Since f and g are bounded on E, we get
My, >0:Vz e E:|f(x)] < M

IMy > 0:Vz € E:|g(zx)| < M
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Since the sequence (fy)n>1 converges uniformly to f on E and the sequence (g, )n>1 converges uniformly to g on E,

we have .

2(M2 +1)
IN, e N:Vn > Ny, Vz € E: |gn(z) — g(z)| < 1

€
2M,

Put N = max{Ny, N3, N3}. Pick n > N and « € E. Since n > N3, we have that |g,(x) — g(z)| < 1. Hence

|90 (@) = 19(@)] < lgn(2)] = lg(2)|] < |gn(2) — g(z)] <1

dN1 €eN:Vn > Ny, Ve € E: | fo(x) — f(z)] <

dN3; e N:Vn > N3, Vz € E : |gy(z) — g(x)] <

So
l9n(z)] < lg(x)|+1< My +1

Hence

|(fngn)(z) = (f9)(2)] |[fn(2) = f(@)lgn(2) + f(2)[gn(2) — g(2)]]

< ful@) = f(@)lgn(@)] + | f(@)llgn(2) — g(2)]
< 72(%“)-(1\42+1)+J\41-2—]\41
= € O

1 22
10. Evaluate lim cos () dx.
0

n—-+oo n

2
Proof : Forn > 1, put f,:[0,1] > R:a — cos (x) Put f:[0,1] - R: 2 — 1. We prove that the sequence
—_— n

(frn)n>1 converges uniformly to f on [0, 1]. We need to show :
Ye>0:3N >0:¥Yn> N,V €[0,1] : |fu(z) — f(z)| <€

1
Pick € > 0. Since the sequence lim — = 0 and the function cost is continuous at ¢ = 0, we have that

n—4oco n

1
lim cos (> =cos0=1
n—-+o0o n

1
cos <> —1‘ <e€
n

< 1 and the function cost is decreasing on the interval [0, 1], we get that

1 2
CcoS <> < cos (x) <cosO0=1
n n
2 2 1
cos (z> —1‘ =1-—cos <I> <1 —cos (> <€
n n n

Since the sequence (f,)n>1 converges uniformly to f on [0,1] and f, is continuous (and hence Riemann integrable)
over [0, 1], we have that

Hence
AN eN:Vn>N:

72

Pick n > N and z € [0,1]. Since 0 < — <

S|

n

Hence

1 1 1
Jim [ p@de= [0 im pede = [ pea
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Hence

1 22 1
lim cos <> dx = / ldr = [z]g =1 O
n—+o0 Jo n 0
1
11. Let f:[0,1] — R be continuous. Prove that lir_P 2" f(x)dx = 0.
n—-10oo 0
Proof : Since f is continuous on [0,1] and [0, 1] is compact, we have that f is bounded on [0, 1]. So
AM > 0:Vz e [0,1]: |f(z)| <M
Pick n > 1. Then
|z" f(z)] = 2" |f(z)| < Mz"™ for all z € [0,1]
Note that =™ f(z) is continuous on [0, 1] and hence Riemann integrable over [0, 1]. So
1 1 1 Man+l 1
0< / 2" f(x)dx S/ |x"f(m)|dx§/ Mx"dx:[ ] = foralln > 1
0 0 0 n+1 ], n+1
M 1
Since lim 0= lim —— =0, it follows from the Pinching Theorem that lim / " f(x)dx| = 0. Hence
n—-4oo n—+o0o N + 1 n—-+oo 0
1
lim 2" f(x)dx =0 O

n—-+o0o 0

$3
12. Let f : R — R be continuous. Define g : R - R:z — / f(t+ z)dt. Calculate g’.
:1:2

Proof : Making the substitution © = ¢ + x (so the old variable is ¢ and the new variable is u), we easily get (using

some properties of integrals) that

g(z) = /j (t+x)dt

_ /: +x Flu)

2+m

= /: f(u)du—&—/ox%xf(u)du

2_;'_3,/.

_ _/;2+If(u)du+/0$3+wf(U)dU

= —F@?+2x2)+F(®+2)

where F(z) = [; f(u)du for all z € R.

It follows from the Fundamental Theorem of Calculus that F'(x) = f(x) for all x € R. Using the Chain Rule, we get
gx)=—F'(2?+z) (2> +2) + F'(@®>+2)- (23 +2) = -2z + 1) f(2® +2) + (32® + 1) f (23 + 2) O
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Mathematics Department Qualifying Exam Fall 2004
Subject : Analysis Solutions

. a; = 1
1. Consider the sequence { nir = /2an F3 ifn>1

(a) Use induction on n to prove that 0 < a,, < 3 for all n > 1.
(b) Prove that (an)n>1 is an increasing sequence.

(¢) Deduce that (an)n>1 converges. Find lim a,.

n—-+oo
Proof : (a) Clearly, 0 < a; < 3. Assume that 0 < a, <3 forn=1,2,...,k for some k > 1. Then

ap+1 = V2ar+3>0

and
ak+1 <3 = V2ap+3 <3 <= 20, +3<9 <= 20, <6 <= ap <3

(b) Pick n > 1. Then
Un < pi1 = ap < V2, +3 <= a2 <20, +3 <= a2 —2a,-3<0< (a,-3)(ap,+1)<0 <= —-1<a, <3

Hence it follows from (a) that the sequence (a,)n>1 is increasing.

(c) It follows from (a) and (b) that the sequence (a,),>1 is an increasing sequence bounded above by 3. Hence the
sequence {ay)n,>1 converges, say to L (so L = liIJIrl ap). Since
- n—+oo

n+1 = V2a, +3 foraln>1
we can apply the limit as n — 400 to both sides. We get
L=+v2L+3

Solving this for L (note that L > 0) we easily get that L = 3. So lim a, = 3. O

n—-+o0o

2. Prove that /2 is irrational.

Proof : Suppose that /2 is rational. Then v/2 = % where a,b € Ny and ged(a,b) = 1. Hence

3 3 . .
2:<%> :2—3 and so  20° =da?

Thus 2|a3. So 2|a. Put a = 2k with k € N. Then
20° = a® = (2k)® =8k* andso b =4k3

Hence 2|b® and so 2|b, a contradiction since 2|a, 2|b but ged(a,b) = 1.
Hence /2 is irrational. O
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+oo
3. Prove or give a counterexample : If (F),),>1 is a sequence of closed subsets of R, then U F,, is closed.

n=1
1

Proof : FALSE : Put F, = [, 1] for all n > 1. Then F;, is closed for all n > 1. But
— n

+oo +oo 1

Jr=U [nl} =(0,1]

n=1 n=1
which is not closed. O

0 if z is irrational
4. Define g : R — R - g(z) = { x  if z is rational
Find (with proof) all the points at which ¢ is continuous.

Proof : First, we prove that g is continuous at = 0. Since g(0) = 0, we need to prove
Ve>0:30>0:VzeR: |z -0/ <d = |g(z)— 0] <e

Pick € > 0. Put § = e. Pick z € R with |z| < §. If = is irrational then g(z) = 0 and so |g(z)| = |0| =0 < ¢ if z is
rational then g(x) = x and so |g(z)| = |z] < d =e.

Next, we prove that ¢ is discontinuous at every other point. So pick a # 0. Then we can find a sequence of rational

numbers (a,)n>1 that converges to a and a sequence of irrational numbers (by,),>1 that converges to a.

Suppose that g is continuous at a. Since lim a, =a and g is continuous at a, we have that 1irJ£1 g(an) = g(a).
n—-—+oo

n—-+4oo
But a, is rational and so g(a,) = a, for all n > 1. So g(a) = lim g(a,)= lim a, =a. Since lim b, =a
n—-+4oo n——+oo n—-+oo
and ¢ is continuous at a, we have that lirf g(bn) = g(a). But b, is irrational and so g(b,) = 0 for all n > 1. So
n—-+oo
g(a)= lim g(b,)= lim 0=0. We get that a = g(a) = 0, a contradiction.
n—-+o0o n—-+oo

Hence ¢ is not continuous at a. U

5. Let X,Y CRand f: X — Y a function. For B C Y, we define f~![B] = {x € X | f(z) € B}.

N Bi] =B

el il

Let I be an index set and B; C Y for all ¢ € I. Prove that f*1

Proof : Let x € X. Then we have

ze f! ﬂBi — f(x)eﬂBi
i€l iel

<« Viel: f(zx) € B;

— Viel:xe f 1B

= xze()f B

iel
So f~! mBi me_l[Bz‘]- U
iel i€l
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6. (a) State the Mean Value Theorem.
(b) Use the Mean Value Theorem to prove the following :

Let f: (a,b) — R be differentiable over (a,b). Suppose that f'(z) = 0 for all € (a,b). Then f is constant
over (a,b).

. Then 7f(bz)) : g:(a)

(b) Suppose f is not constant over (a,b). Then f(z) # f(y) for some a < x < y < b. Note that f is continuous on

fly) = f(x)
y—x

Proof : (a) Let f be continuous on [a,b] and differentiable on (a, b) = f'(c) for some c € (a,b).

[,y] and differentiable on (x,y). By the Mean Value Theorem, we get that = f'(c) for some c € (z,y).

Since f'(c¢) =0, we get that f(z) = f(y), a contradiction.
Hence f is constant over (a,b). O

7.If A,B CR, we define A+ B={a+b|aec A,bec B}. Prove that A+ B is compact if A and B are compact.

hint : use the characterization of compact sets that involves sequences!

Proof : Recall that a set D is compact if and only if every sequence (d,,),>1 in D has a subsequence that converges
to some element in D.

Let (xn)n>1 be a sequence in A + B. Then for all n > 1, we have that z, = a, + b, for some a, € A and some
b, € B. Since A is compact, we have that the sequence (a,),>1 has a subsequence (a,,)r>1 that converges to some
element a € A. Since B is compact, we get that the sequence (b,,)r>1 has a subsequence <bnkl>121 that converges
to some b € B. Since the sequence (an,, )i>1 is a subsequence of the convergent sequence (an,)r>1 (with limit a), we
get that the sequence (ankl )i>1 converges to a. Hence the sequence <ankl + bnkl )i>1 is a subsequence of the sequence
(@n + bn)n>1 = (Tn)n>1 and it converges to a + b, which is an element of A+ B. So A+ B is compact. O

8. Let f: D — R be uniformly continuous over D and (d,,),>1 a Cauchy sequence with d,, € D for all n > 1. Prove
that (f(dy,))n>1 is a Cauchy sequence.

Proof : We need to show that
Ve>0:dIN eN:Vm,n> N:|f(dn)— f(dn)] <€
Pick € > 0. Since f is uniformly continuous over D, we get
0 >0:Va,yeDifo—yl <8 = [f@@) - fWl<e ()
Since the sequence (d,,)n>1 is a Cauchy sequence, we have
AN e N:Vm,n > N : |dy, —dyp| < 8 (xx)

Pick m,n € N with m,n > N. By (**), we get that |d,,, — d,| < d. So it follows from (*) that |f(d,,) — f(d,)| <e. O

$2—l‘

9. For n > 1, we define f,, : [0,1] = R: 2z — —
n

(a) Find the function f : [0,1] — R such that (f,),>1 converges pointwise to f.

(b) Is this convergence uniform? Prove your answer!
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Proof : Put f:[0,1] — R:a — 0. We prove that the sequence (f,)n>1 converges uniformly to f on [0, 1]. Then the
sequence (fn)n>1 converges of course also pointwise to f on [0,1].
So we need to show

Ve>0:3IN e N:Vn> N,Vz € [0,1] : |fn(z) — f(z)] <€

2 2

Pick € > 0. Let N € N with N > \/> Note that N2 <€ Pick n > N and = € [0,1]. Then |2% — | < |22] + |z] <
€

1+ 1=2. Hence

r~ — T

(@) = f(z)] =

+oo
T
10. Consider the series E — - Prove that this series converges uniformly on [0, 1].
n?+x
n=1

Proof : Pick n > 1. Then for all z € [0, 1], we have that |x| = 2 < 1 and |n? + 22| = n? + 22 > n?; hence

T 1
———| < — forallze|0,1
2+ 22| = n2 [0, 1]
+oo
Since the series Z — converges (it’s a p-series with p = 2), it follows from the Weierstrass M-test that the series
n
=1
400 x "
Z —5— converges uniformly on [0, 1]. O
—n +x

11. Let f : [a,b] — R be continuous over [0, 1]. Suppose that f(z) > 0 for all = € [0, 1]. Prove that

[/Olf(fv)dxr</olf2(x)dir

1 2 -1 i—1 i
Proof : Pick n > 1. Put P, = {O,,,...,n ,1}. Fori=1,...,n, pick x; € {Z,l} Note that f and f?
— n'n n 'n

n

are continuous on [0, 1] and hence Riemann-integrable over [0,1]. Since 111}_1 |Pnll = liril — =0, we get that
n—-oo n—-+oo N
1 1
/ f(z)dx = liIJIrl R(f,Pn,x,) and / f(z)dx = liIJIrl R(f2, Pp,xp)
0 n—-—1+0oo 0 n—-—+0oo
We easily get that

R(f, Pr, ) = f(xl)—Ff(l’z)n—l-—l-f(In) and R(f2,73mxn) _ f2(x1)+f2(x2i+"'+f2(xn)

Since f(xz;) >0 fori=1,2,...,n, we get that

flar) + flz) + -+ f(am)2

n

@) ) ot )

R2(f, Po, ) = ( < : 2 P

(the inequality between the arithmetic average and quadratic average). Considering the limit as n — 400, we get

1 2 1
[/ f(x) dx] = lim R*(f,Pn,2n) < lim R(f% Pn,an) = / (z) dx O
0 n—+00 0

n—-+4oo
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12. Let f,g : [0,1] — R be continuous over [0,1] such that f(0) < g(0) and f(1) > g(1). Prove that there exists
¢ € [0,1] such that f(c) = g(c).

Proof : Consider the function h : [0,1] = R:z — f(z) — g(z). Since f and g are continuous on [0, 1], we get that
h = f — g is continuous on [0, 1]. Note that h(0) = f(0) — g(0) < 0 and h(1) = f(1) — g(1) > 0. It follows from the
Intermediate Value Theorem that h(c) = 0 for some ¢ € [0,1]. Hence f(c) = g(c). O
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Mathematics Department Qualifying Exam - Solutions Spring 2009
Subject : Analysis

Instructions : Solve 8 of the following 12 problems :

1. (a) State the e-0 definition of uniform continuity of a function f: 1 — R.
Solution: f is uniformly continuous on [ if and only if for all € > 0 there
exists a 6 > 0, such that |z —y| < d, =,y € [ implies |f(z) — f(y)| <e.

(b) Consider the function f : (0,1) — R where f(z) = 22 for all z € (0,1). Use the
definition you gave in (a) to prove that f is uniformly continuous over (0, 1).
Solution: Let € > 0 be given and set § = % If 2,y € (0,1) and |z — y| < 4,
then

2 =y’ =[x +y)z—y)| <2dz—yl <20 =¢

2

and by part (a) we conclude that f(x) = x* is uniformly continuous on (0, 1).

+oco .
_ sin(v/k )
2. P that th _—

rove that the series kz:; 12 1 22
Solution: Note that

converges uniformly over R.

sin(Vk )

k2 + 22

1

S g Vr € R.

1
SE,

2

=1 s
Since Z 2% < +00, the Weierstrass M-test applies, and we conclude that the
k=1

indicated series converges uniformly on R.

3. Let P, be non-empty bounded subsets of R such that for each x € P there exists
y €  with x <.

(a) Show that sup(P) < sup(Q).
Solution: Suppose not. Then sup P > sup ). This implies that there is an
element p € P such that sup P > p > sup (), which in turn gives p > ¢ for all
q € Q, a contradiction.

(b) Isinf(P) < inf(Q)? If true, prove the statement; if false, give a counterexample.
Solution: The answer is a resounding NO! For a counterexample, set P = [0, 1]

and @ = [—-2,2].
(R
4. Evaluate lirf en dx. Justify your answer!
n—roo 2

Solution: The limit is equal to 3, by interchanging the limit with the integral. One



7.

can do this, because e**/™ — 1 uniformly on [—2,1]. To see this, let € > 0 be given.
Then

22
67—1‘ <et—l<e awzel-21n>1
since 4/n — 0 and the exponential function is continuous on R.

2

Compute  lim
P (zy)—(0,0) £t + 2

if it exists. If it does not exist, write DNE. Prove your

answer!

Solution: The limit does not exist. Along the curve y = 2%, we get that the
2

x—y2 is constant 1/2. On the other hand

uotient
4 ¥ +y

(L’2y

lim Y —
(0.0)=(0.0) T* + y?

Consider the function f: R — R where

_)o ifre@Q

(a) At which points in R is f continuous? Justify your answer!

(b) At which points in R is f differentiable? Justify your answer!

Solution: Standard arguments (using the definitions of continuity and differentia-
bility) show that f is continuous only at x = 0, and it is actually differentiable
there.

(a) State the Mean Value Theorem.
Solution: Let f be differentiable on an open interval I. For all a,b € I with
a # b, there exists a ¢ between a and b such that

f(b) - f(a)

L ).

(b) Let f:R — R be differentiable over R such that f(0) =1 and |f’(z)| <1 for
all z € R. Prove that |f(x)| < |z| + 1 for all x € R.
Solution: By part (a), we have

f(z) = f(0)

L (o

for some ¢ between x and 0. It follows that for any x € R we have

'f(%)—f(o)’:‘f(x)—l‘
z—0 x

=[0I <1,



8.

10.

11.

. Put C =

and hence
f@) -1 <], VeeR

Since |f(x)] — 1 < |f(z) — 1|, we obtain |f(x)| < |z| 4+ 1, as desired.

Let f : [0,1] — R be continuous and positive on [0, 1] such that fol f(z)dx = 0.
Prove that f(x) =0 for all x € [0, 1].

Solution: Suppose not. Then there is a point z¢ € [0, 1] such that f(zy) > 0. By
the sign preserving property of continuous functions, there exists € > 0, such that
f(x) >0o0n [ o [xg — €, 20 + €] N[0, 1]. Let P; be a partition of [0, 1] that contains
the endpoints of I. Then L(P, f) > 0, and since f is integrable on [0, 1], we have

1
| e = L(7) =sup L(P. ) = L(P1. ) > 0.
0
a contradiction.
r xv+1

27 2
that C does not contain a finite subcover of (0, 1).

) :0<x <1p. Show that C is an open cover of (0,1) and

. . o . : . +1
Solution Given z € (0, 1), it is contained in the open interval g, IT
C is an open cover of (0,1). Now if Cr is any finite subcover of C, then there is a

m m 1
smallest x,, € (0,1) such that %, & ;

of the sets contained in Cr. Thus no finite subcover of C can be an open cover of
(0,1).

, hence

T . .
€ Cr. Consequently, s not in any

1 1
- — —’. Is d a metric on (0,400)? Prove your

For all z,y > 0 we define d(z,y) =
Ty

answer!

Solution: The only mildly (and even that is a stretch) interesting property to check
is the triangle inequality, as d(x,y) is trivially non-negative, symmetric, and 0 if and
only if x = y. For the triangle inequality, simply calculate

d(z,y) = STy

11
iL'y_

Let f and g be defined on [a,b] with g continuous, f > 0, and f integrable. Show
that there exists a point o € [a, b] such that

[ sy =g [ st



12.

Solution: Since ¢ is continuous on [a,b], it attains both its minimum and its

maximum there. Write g,, def mingep 5 () and g def maXyeqp 9(2). Then

2 f(a)g(a)da
m S b S M
g fa f(z)dz g

hence by the Intermediate Value Theorem, there is an point zg € [a, b], such that

S fa)g(e)da

9(zo) f; f(z)dx

)

and the proof is complete.

Consider the sequence (a,),>1 defined by

(11:1
1

py1 =3 — — foralln >1
an

Prove that the sequence (a,),>1 converges.
Solution: We show that a,, is bounded and monotone. We prove the first assertion

3 5 3 5
+\/_. Sincel <a =1< V5

3+5

by induction. We claim that 1 < a, <

, we

have our base case. Assume now that 1 < a, < 5 Then
1 2 T+3vh 6+2v5 3 5
(K)1<2<ap=3— — <3 _TH3V5_642V5 3+ V5
an 3+v5  3+V56 4 2

Next we show that a, is monotone increasing. We start by noting that a; = 1 <
as = 2. By the recursive formulation we see that a,,1 > a, if and only if

(1) @ —3a,+1<0.

3—V5 3+5 3—V56

This happens precisely if < ap < . Since
exhibited in (%) assure that (1) holds. This completes the proof.

< 1, the bounds
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