
Mathematics Department Qualifying Exam : Analysis Spring 2012

Solve eight of the following twelve problems:

1. Let f and g be real-valued functions defined on an open interval containing 0, with g nonzero
and continuous at 0. If fg and f/g are differentiable at 0, must f be differentiable at 0?

2. Find the absolute maximum and minimum values of the function f(x, y) = x2− y2 +x2y+ 4
on the set D = {(x, y); |x| ≤ 1, |y| ≤ 1}. Find the points at which these values are attained.

3. (a) State the Mean Value Theorem.
(b) The following result is called Rolle’s Theorem:

Let f : [a, b]→ R be continuous on [a, b] and differentiable on (a, b). If f(a) = f(b),
then there must be a point c ∈ (a, b) such that f ′(c) = 0.

Prove that the Mean Value Theorem and Rolle’s Theorem are equivalent.

4. Let (an)∞n=1 be a sequence of real numbers.
(a) Assume (an)∞n=1 is convergent. Prove using ε − δ that (the definition of convergent
sequences) ((−1)nan)∞n=1 converges if and only if lim

n→∞
an = 0.

(b) Give an example of a non-convergent sequence (bn)∞n=1 such that ((−1)nbn)∞n=1 converges.
(c) Give an example of a non-convergent sequence (cn)∞n=1 such that ((−1)ncn)∞n=1 does not
converge.

5. Suppose that (an)∞n=1 is a sequence of real numbers such that an > 0 for all n, and an →
a > 0. Prove that

lim
n→∞

(a1a2 · · · an)
1
n = a.

6. Suppose p > 0. Evaluate

lim
n→∞

1

np+1

n∑
k=1

(2k)p.

Hint: Consider Darboux Sums.

Six more problems on the back!!!



7. Use Green’s theorem to evaluate the line integral

∫
C
(10xy) dx+ (10x2) dy along the posi-

tively oriented curve C consisting of the line segment from (−3, 0) to (3, 0) and the top half
of the circle x2 + y2 = 9.

8. (a) Define what it means for a function f to be uniformly continuous on a set E.
(b) Prove using the definition in (a) that

fn(x) = x(log x)n

is uniformly continuous on [0, 1] for every n ∈ N.

9. Suppose f : [a, b] → R is continuous. Suppose further that for every x ∈ [a, b] there exists a
y ∈ [a, b] such that

|f(y)| ≤ 1

2
|f(x)|.

Prove that there is a point c ∈ [a, b] such that f(c) = 0.
Hint: Find a sequence of points (xn)∞n=1 such that f(xn)→ 0.

10. Let (an)∞n=1, and (bn)∞n=1 be sequences of positive real numbers such that

a1 = b1 = 1 and bn = bn−1an − 2 for n = 2, 3, . . .

Assume that the sequence (bn)∞n=1 is bounded. Prove that

S =

∞∑
n=1

1

a1 · · · an

converges, and evaluate S.

11. Let f be a continuous function on [0, 1]. Prove that∫ 1

0

∫ 1

x

∫ y

x

f(x)f(y)f(z) dzdydx =
1

6

(∫ 1

0

f(x) dx

)3

12. (a) State the definition of L = lim
x→0+

f(x). Then explain any differences between L = lim
x→0+

f(x)

and L = lim
x→0

f(x).

(b) Find
L = lim

x→0+
(1 + 3x)1/x

State clearly, and in full detail, any theorems you use.



Analysis Qualifying Exam, Solutions Spring 2012

1. Since g is continuous at 0 so
lim
x→0

g(x) = g(0),

fg is differentiable at 0 so

lim
x→0

f(x)g(x)− f(0)g(0)

x
= l1,

and f/g is differentiable at 0 so

lim
x→0

f(x)/g(x)− f(0)/g(0)

x
= l2,

and since g(x) 6= 0, then

lim
x→0

f(x)g(0)− g(x)f(0)

x
= [g(0)]2 · l2.

Now
[g(x) + g(0)] · f(x)− f(0)

x
=
f(x)g(x)− f(0)g(0)

x
+
f(x)g(0)− g(x)f(0)

x
,

then take the limit as x→ 0 to get

2g(0) · lim
x→0

f(x)− f(0)

x
= lim

x→0

f(x)g(x)− f(0)g(0)

x
+ lim

x→0

f(x)g(0)− g(x)f(0)

x
,

which yields

lim
x→0

f(x)− f(0)

x
=

l1
2g(0)

+
g(0) · l2

2

thus f must be differentiable at 0. �

2. First, we find the critical points on the interior of this set. Setting

fx = 2x+ 2xy = 0 fy = −2y + x2 = 0

we obtain one solution: x = 0, y = 0, which is in D (otherwise, x2 = −2, which cannot be
solved in R).
Next, we restrict our function to each segment of the boundary:
(i) x = 1 : f → −y2 + y + 5. Its derivative is −2y + 1, and hence y = 1/2.
(ii) x = −1: obtain the same function, so again y = 1/2.
(iii) y = 1 : f → 2x2 + 3. Its derivative is 4x, and hence x = 0.
(iv) y = −1 : f → 3, and the derivative is identically equal to 0. So we have to consider all
points of this segment.
Including the corners, we assemble the following list:

(0, 0)

(
1,

1

2

) (
−1,

1

2

)
(0, 1) {(x,−1); |x| ≤ 1} (1, 1) (−1, 1)

Evaluating the function at all of these points, we find that the maximum value 5 1
4 is attained

at the points
(

1,
1

2

)
and

(
−1,

1

2

)
, and the minimal value 3 is attained at (0, 1) and on the

segment {(x,−1); |x| ≤ 1}. �

3. (a) Let f be continuous on [a, b] and differentiable on (a, b). Then

f ′(c) =
f(b)− f(a)

b− a



for some c ∈ (a, b).
(b) Assume MVT then

f ′(c) =
f(b)− f(a)

b− a
= 0

for some c ∈ (a, b). Here using f(a) = f(b).

For the converse consider g(x) = f(x)− (x− a)
f(b)− f(a)

b− a
. Since g(a) = g(b) = f(a) then

there is a c ∈ (a, b) such that g′(c) = 0. But,

g′(c) = f ′(c)− f(b)− f(a)

b− a

then f ′(c) = f(b)−f(a)
b−a , for some c ∈ (a, b). �

4. Assume that lim
n→∞

an = 0. We claim that lim
n→∞

(−1)nan = 0. Let ε > 0, we want to find
N ∈ N such that |(−1)nan| < ε, for all n > N .
But |(−1)nan| < ε is equivalent to |an| < ε. Hence, the convergence of (an)∞n=1 to 0 gives us
the N we were looking for.
Now assume that lim

n→∞
an = L 6= 0. We know that there is an N ∈ N such that |an − L| <

|L|/2, for all n > N . This implies that, for n > N , the an’s are either all positive or all
negative, and |L|/2 ≤ |an| ≤ 3|L|/2.
It follows that, if WLOG ak > 0 then (−1)k+1ak+1 < 0 and the distance between them is at
least |L|, for all k > N . Hence, ((−1)nan)∞n=1 diverges.
(b) Consider (bn)∞n=1, where bn = (−1)n. It follows that ((−1)nbn)∞n=1 converges, as it is the
constant sequence equal to 1.
(c) Consider (cn)∞n=1, given by {1, 1,−1,−1, 1, 1,−1,−1, 1, 1,−1,−1, · · · }. It follows that
((−1)ncn)∞n=1 is the sequence given by

{1,−1,−1, 1, 1,−1,−1, 1, 1,−1,−1, 1, · · · }

which diverges. �

5. Since an → a, given ε > 0 there exists an N ∈ N, such that n > N implies |an − a| < ε, or
equivalently

a− ε < an < a+ ε, n > N.

It follows that for n > N , we have

(a1a2 · · · aN )(a− ε)n−N < a1a2 · · · an < (a1a2 · · · aN )(a+ ε)n−N

or equivalently,

(a1a2 · · · aN )

(a− ε)N
(a− ε)n < a1a2 · · · an <

(a1a2 · · · aN )

(a+ ε)N
(a+ ε)n.

Taking nth roots, and letting n→∞ yields

a− ε < lim
n→∞

(a1a2 · · · an)
1
n < a+ ε.

Since ε > 0 was arbitrary, the result follows. �

6. Since xn → 0 there is an N ∈ N such that n ≥ N implies |xn| < ε. WLOG assume that
n ≥ N (we can do this since we want to let n→∞ anyway) and calculate∣∣∣∣x1 + x2 + · · ·+ xn

n

∣∣∣∣ ≤ ∣∣∣∣x1 + x2 + · · ·+ xN−1
n

∣∣∣∣+

n∑
i=N

|xi|
n

≤
∣∣∣∣x1 + x2 + · · ·+ xN−1

n

∣∣∣∣+ ε
(n−N)

n
.



Taking the limit as n→∞ of both sides gives

lim
n→∞

x1 + x2 + · · ·+ xn
n

≤ ε

Since ε > 0 was arbitrary the result follows.

�

7. ˆ
C
(10xy) dx+ (10x2) dy =

ˆ ˆ
D

20x− 10x dA =

ˆ 3

−3

ˆ √9−x2

0

= 0

�

8. (a) A function f is uniformly continuous on a set E, if for every ε > 0 there exists a δ > 0,
such that |x− y| < δ, x, y ∈ E implies |f(x)− f(y)| < ε.
(b) Since products of continuous functions are continuous, fn(x) is continuous for every n.
Also, continuous functions on closed and bounded intervals are uniformly continuous, and
the claim follows.

�

9. Assume no such c exists. Then, by continuity, f does not change sign on [a, b]. WLOG
assume f(x) > 0 for all x ∈ [a, b]. Set x1 = a, and let xn be such that f(xn) < 1

2f(xn−1) for
n ≥ 2. We may assume (perhaps after selecting a subsequence) that (xn) is convergent with
limit m ∈ [a, b]. Then by construction,

0 < f(xn) <
1

2n−1
f(a)

from which we conclude that limn→∞ f(xn) = 0. However, by continuity, we must have
0 = limn→∞f(xn) = f(m), a contradiction. Thus a c ∈ [a, b] with f(c) = 0 must exist. �

10. With a1 = b1 = 1, it follows that b2 = a2− 2, b3 = a3a2− 2(a3 + 1), b4 = a4a3a2− 2(a4a3 +
a4 + 1). In general

bk = Πk
i=1ai − 2(akak−1 · · · a3 + akak−1 · · · a4 + · · ·+ ak + 1)

Now consider the partial sum

Sk =
k∑

n=1

1

a1 · · · an

i.e.,

Sk =
1

a1
+

1

a1a2
+ · · ·+ 1

a1 · · · ak
= 1 +

akak−1 · · · a3 + akak−1 · · · a4 + · · ·+ ak + 1

a1 · · · ak
so

bk = Πk
i=1ai − 2Πk

i=1ai · (Sk − 1) = (3− 2Sk) ·Πk
i=1ai

Since ai > 0, i ≥ 1 then

3− 2Sk =
bk

Πk
i=1ai

and
lim
k→∞

(3− 2Sk) = lim
k→∞

bk
Πk

i=1ai
.

If limk→∞ Sk = ∞ then limk→∞
bk

Πk
i=1ai

= −∞ which will be impossible because ai, bi >

0, i ≥ 1 so limk→∞ Sk <∞. Therefore S converges and

lim
k→∞

1

Πk
i=1ai

= 0.



Moreover since the sequence (bj) is bounded and positive there exists M > 0 such that
−M < 0 < bj < M , so

−M < (3− 2Sk) ·Πk
i=1ai < M

or simply
3

2
− M

2Πk
i=1ai

< Sk <
3

2
+

M

2Πk
i=1ai

and by the squeeze theorem

S =
3

2

�

11. Note that the region of integration

S = {(x, y, z); 0 ≤ x ≤ 1, x ≤ y ≤ 1, x ≤ z ≤ y}

is one-sixth of the unit cube

R = {(x, y, z); 0 ≤ x ≤ 1, 0 ≤ y ≤ 1, 0 ≤ z ≤ 1}

By rearrangement of x, y, z, the other five regions may be generated. Also, F (x, y, z) =
f(x)f(y)f(z) is invariant to the order of x, y, z. Thus,
ˆ 1

0

ˆ 1

x

ˆ y

x

f(x)f(y)f(z) dz dy dx =
1

6

(ˆ 1

0

ˆ 1

0

ˆ 1

0

f(x)f(y)f(z) dz dy dx

)
=

1

6

(ˆ 1

0

f(x) dx

)3

�

12. (a) L = lim
x→0+

f(x) if and only if ∀ε > 0 ∃δ > 0 such that 0 < x < δ =⇒ |f(x)− L| < ε.

L = lim
x→0

f(x) if and only if ∀ε > 0 ∃δ > 0 such that |x| < δ =⇒ |f(x)− L| < ε.

The difference is in the types of x’s that are accepted in the definition. In the first definition
we have 0 < x < δ, and in the second having |x| < δ allows negatives x’s to be considered.
(b) Using continuity of the logarithm we find

lnL = lim
x→0+

ln (1 + 3x)

x
= lim

x→0+

3/(1 + 3x)

1
= 3

where the limit is computed using L’Hôpital’s rule. Hence,

L = e3

�



Mathematics Department Qualifying Exam Fall 2011
Subject : Analysis

Instructions : Solve 8 of the following 12 problems :

1. (a) State the ε-δ definition of the uniform continuity of a function f : I → R.

(b) Use your definition in (a) to show that the function f : (0, 1) → R, where

f(x) =
1

x4 + 2x2 + 1
, is uniformly continuous .

2. Find the surface area of the part of the plane 2x + 6y + z = 10 that lies inside of
the elliptic cylinder 9x2 + 36y2 = 324. Hint: The area of an ellipse is πab, where a
is half the length of the major axis and b is half the length of the minor axis.

3. Let I := [0, 1] and let f : I → R be defined by

f(x) =

{
x for x rational

1− x for x irrational.

Show that f is injective on I and that f(f(x)) = x for all x ∈ I. (Hence f is its own

inverse function!) Show that f is continuous only at the point x =
1

2
.

4. Compute lim
(x,y)→(0,0)

x2y2

x4 + 2y4
if it exists. If it does not exist, write DNE. Prove your

answer.

5. Does there exist a function f : [0, 1]→ R such that (i) f is integrable, and (ii) f has
infinitely many discontinuities? If yes, exhibit such a function. If not, give a proof
supporting your claim.

6. Let (xn) be a bounded sequence and let s = sup {xn|n ∈ N}. Show that if s /∈
{xn|n ∈ N} then there is a subsequence of (xn) that converges to s.

Six more questions on the back !!!



7. Let I be the set of positive integers whose digits do not contain the number 9. Show

that
∑
n∈I

1

n
is convergent.

8. Prove that ex > 1 +
√
x+ x

2
for all x ≥ 1.

9. Suppose that I = (0, 2), that f is continuous at x = 0 and x = 2, and that f is
differentiable on I. If f(0) = 1 and f(2) = 3, prove that 1 ∈ f ′(I).

10. Let I = [a, b] and let f : I → R be continuous on I. If f has an absolute maximum
(respectively, minimum) at an interior point c of I, show that f is not injective on
I.

11. (a) Show that a differentiable function f(x, y) decreases most rapidly at a point
(x0, y0) in the direction opposite of the gradient ∇f(x0, y0).

(b) Use your result from (a) to find the direction in which the function f(x, y) =
x2 + y2 − x2y3 decreases fastest at the point (2,−3).

12. (a) State the ε-δ definition of the limit L of a function of one variable at a point
a.

(b) Find

lim
x→1

x3 − 1

x2 − 1
.

Use your definition from (a) to prove your answer.



Mathematics Department Qualifying Exam Fall 2011
Subject : Analysis

Instructions : Solve 8 of the following 12 problems :

1. (a) State the ε-δ definition of the uniform continuity of a function f : I → R.

(b) Use your definition in (a) to show that the function f : (0, 1) → R, where

f(x) =
1

x4 + 2x2 + 1
, is uniformly continuous .

Solution.

(a) f : I → R is uniformly continuous if for all ε > 0 there exists δ > 0 such that
if |x− y| < δ, x, y ∈ I, then |f(x)− f(y)| < ε.

(b) Let ε > 0 be given and set δ = ε
8
. If x, y ∈ (0, 1) and |x− y| < δ, then∣∣∣∣ 1

x4 + 2x2 + 1
− 1

y4 + 2y2 + 1

∣∣∣∣ =

∣∣∣∣ 1

(x2 + 1)2
− 1

(y2 + 1)2

∣∣∣∣
=

∣∣∣∣(y2 + 1)2 − (x2 + 1)2

(x2 + 1)2(y2 + 1)2

∣∣∣∣
=

∣∣∣∣(y2 − x2)(y2 + x2 + 2)

(x2 + 1)2(y2 + 1)2

∣∣∣∣
< 4|(y + x)(y − x)|
< 8|x− y|
< 8δ = ε.

2. Find the surface area of the part of the plane 2x + 6y + z = 10 that lies inside of
the elliptic cylinder 9x2 + 36y2 = 324. Hint: The area of an ellipse is πab, where a
is half the length of the major axis and b is half the length of the minor axis.

Solution. A vector function for the plane is

r(x, y) =< x, y, 10− 2x− 6y > .

Thus,

∂r

∂x
=< 1, 0,−2 >

∂r

∂y
=< 0, 1,−6 >

∂r

∂x
× ∂r

∂y
=< 2, 6, 1 >∣∣∣∣∂r∂x × ∂r

∂y

∣∣∣∣ =
√

41



The surface area of a parametric surface is

Surface Area =

∫ ∫
parameter space

∣∣∣∣∂r∂x × ∂r

∂y

∣∣∣∣ dA.
The set of possible values of x and y are all points inside of the ellipse, giving∫ ∫

ellipse

√
41dA =

√
41

∫ ∫
ellipse

dA

=
√

41 · (area of ellipse)

=
√

41 · 18π.

3. Let I := [0, 1] and let f : I → R be defined by

f(x) =

{
x for x rational

1− x for x irrational.

Show that f is injective on I and that f(f(x)) = x for all x ∈ I. (Hence f is its own

inverse function!) Show that f is continuous only at the point x =
1

2
.

Solution. Let x1, x2 ∈ I such that f(x1) = f(x2).
Case 1: x1, x2 ∈ I ∩Q then x1 = x2.
Case 2: x1 ∈ I∩Q and x2 ∈ I\Q then x1 = 1−x2 which implies that x2 = 1−x1 ∈ Q
a contradiction.
Case 3: x2 ∈ I ∩Q and x1 ∈ I \Q. Similar to Case 2.
Case 4: x1, x2 ∈ I \Q then 1− x1 = 1− x2 implying x1 = x2.
Thus f is injective on I. Note that if x ∈ I ∩Q then f(x) ∈ I ∩Q and if x ∈ I \Q
then f(x) ∈ I \Q. So

f(f(x)) =

{
f(x) = x, if x ∈ I ∩Q
f(1− x) = 1− (1− x) = x, if x ∈ I \Q.

Finally, let x ∈ I and consider an arbitrary sequence (xn) ⊆ I ∩Q such that xn → x
as n→∞. Clearly f(xn) = xn for n ≥ 1 and limn→∞ f(xn) = limn→∞ xn = x.
Next consider an arbitrary sequence (yn) ⊆ I \ Q such that yn → x as n → ∞.
Clearly f(yn) = 1− yn and limn→∞ f(yn) = limn→∞ 1− yn = 1− x. Therefore if f

is continuous at x, then x = 1− x implying x =
1

2
.

4. Compute lim
(x,y)→(0,0)

x2y2

x4 + 2y4
if it exists. If it does not exist, write DNE. Prove your

answer.



Solution. The limit does not exist. Along the curve y = x, we get that lim
(x,y)→(0,0)

x2y2

x4 + 2y4
=

lim
(x,x)→(0,0)

x2y2

x4 + 2y4
=

1

3
. On the other hand, along the curve y = 0, x 6= 0, we have

lim
(x,y)→(0,0)

x2y2

x4 + 2y4
= lim

(x,0)→(0,0)

0

x4
= 0.

5. Does there exist a function f : [0, 1]→ R such that (i) f is integrable, and (ii) f has
infinitely many discontinuities? If yes, exhibit such a function. If not, give a proof
supporting your claim.

Solution. Consider the function

f(x) =

{
1 if x = 1

n
for some n ∈ N

0 otherwise

f has infinitely many discontinuities. However, f is integrable on [0, 1]. To see this,
let ε > 0 and note that if P is any partition of [0, 1], we have L(f, P ) = 0. Thus, it
remains to show that there exists a partition P of [0, 1] such that U(f, P ) < ε. To
this end, note that there exists an N ∈ N, such that 1

N
< ε

2
. Consider the partition

P =
{

0,
ε

2
, xN−1, yN−1, xN−2, yN−2, . . . , x1, y1 = 1

}
where [xN−i, yN−i] is an interval centered at 1

N−i with length ε
2N ·K , and K > 1 is

chosen so that there is no intersection between these intervals. Then, one sees that

U(f, P ) ≤ 1 · ε
2

+N
ε

2NK
< ε

and hence U9f, P ) − L(f, P ) < ε. We conclude that f is integrable on [0, 1] with
integral equal to 0.

6. Let (xn) be a bounded sequence and let s = sup {xn|n ∈ N}. Show that if s /∈
{xn|n ∈ N} then there is a subsequence of (xn) that converges to s.

Solution. Recall the equivalent definition of the supremum. s = sup {xn|n ∈ N} if
and only if for every ε > 0 there exists an xi such that xi > s− ε.
Now we will prove the statement by construction. Assume that s /∈ {xn|n ∈ N} so
there are some terms of the sequence xi > s − 1 for some i ≥ 1. Call the first of
these is, n1 so n1 ≥ 1 and xn1 > s − 1. Next there are again some terms of the

sequence xi > s− 1

2
for some i ≥ 1. Choose the first of these is that is greater than

n1 and call it n2. So n2 > n1 and xn2 > s− 1

2
. Repeat this process to get in general

nk > nk−1 and xnk
> s− 1

k
. Since s > xnk

> s− 1

k
then xnk

→ s as k →∞.

Six more questions on the back !!!



7. Let I be the set of positive integers whose digits do not contain the number 9. Show

that
∑
n∈I

1

n
is convergent.

Solution. Notice that

1 +
1

2
+

1

3
+ · · ·+ 1

8
< 9 · 1 = 9

1

10
+

1

11
+ · · ·+ 1

18
< 9 · 1

10
=

9

10
...

1

80
+

1

81
+ · · ·+ 1

88
< 9 · 1

80
=

9

80
1

100
+

1

101
+ · · · 1

108
< 9 · 1

100
=

9

100
1

110
+

1

111
+ · · · 1

118
< 9 · 1

110
=

9

110
...

Thus∑
n∈I

1

n
< 9 +

9

10

(
1 +

1

2
+

1

3
+ · · ·+ 1

8

)
+

9

10

(
1

10
+

1

11
+ · · ·+ 1

18

)
+ · · ·

< 9 +
81

10
+

81

100
+

81

1000
+ · · ·

= 9 + 81
∞∑
k=1

1

10k
.

Thus we conclude that
∑
n∈I

1

n
<∞ by the comparison test.

8. Prove that ex > 1 +
√
x+ x

2
for all x ≥ 1.

Solution. We note that

ex =
∞∑
k=0

xk

k!
= 1 + x+

x2

2
+
x3

3!
+ · · ·+ xn

n!
+ · · ·︸ ︷︷ ︸

>0 if x≥1

> 1 + x+
x2

2
≥ 1 +

√
x+

x

2
(x ≥ 1).

9. Suppose that I = (0, 2), that f is continuous at x = 0 and x = 2, and that f is
differentiable on I. If f(0) = 1 and f(2) = 3, prove that 1 ∈ f ′(I).

Solution. Consider the function g defined by g(x) = f(x) − x. Clearly g is con-
tinuous on [0, 2] (continuous at 0 and 2 because f is, and continuous on I since f



is differentiable hence continuous on I). Moreover g is differentiable on I as the
difference of two differentiable functions on I. Finally g(0) = f(0)− 0 = 1− 0 = 1
and g(2) = f(2)−2 = 3−2 = 1. Therefore by Rolle’s theorem there exists a number
c ∈ I such that g′(c) = 0 that is f ′(c)− 1 = 0 which is f ′(c) = 1. Thus 1 ∈ f ′(I).

10. Let I = [a, b] and let f : I → R be continuous on I. If f has an absolute maximum
(respectively, minimum) at an interior point c of I, show that f is not injective on
I.

Solution. Without loss of generality, assume that f has an absolute maximum
at an interior point c. Let y ∈ {max (f(a), f(b)), f(c)}. Applying the Intermediate
Value Theorem to the function f restricted to (a, c), there exists x1 ∈ (a, c) such that
y = f(x1). Similarly, by applying the Intermediate Value Theorem to the function
f restricted to (c, b), there exists x2 ∈ (c, b) such that y = f(x2). So f(x1) = f(x2)
but x1 < x2. Thus f is not injective on I.

11. (a) Show that a differentiable function f(x, y) decreases most rapidly at a point
(x0, y0) in the direction opposite of the gradient ∇f(x0, y0).

(b) Use your result from (a) to find the direction in which the function f(x, y) =
x2 + y2 − x2y3 decreases fastest at the point (2,−3).

Solution.

(a) Recall that D~uf = ∇f · ~u = |∇f ||~u| cos θ. Thus the directional derivative is
largest in the negative when cos θ = −1 or when ~u points in the opposite
direction of ∇f .

(b) We calculate
∇f(2,−3) = 〈112,−114〉 .

It follows that f decreases fastest at (2,−3) in the direction of ~u = 〈−112, 114〉.

12. (a) State the ε-δ definition of the limit L of a function of one variable at a point
a.

(b) Find

lim
x→1

x3 − 1

x2 − 1
.

Use your definition from (a) to prove your answer.

Solution.

(a) limx→a f(x) = L if for all ε > 0 there exists δ > 0 such that if |x − a| < δ,
|f(x)− L| < ε.

(b) We can determine using L’Hospital’s rule that the limit is equal to 3
2
. Thus, it

remains only to show, using the definition of limits, that this is true.



Let ε > 0 be given. Let δ = ε. Then, for |x− 1| < δ,∣∣∣∣x3 − 1

x2 − 1
− 3

2

∣∣∣∣ =

∣∣∣∣(x− 1)(x2 + x+ 1)

(x− 1)(x+ 1)
− 3

2

∣∣∣∣
=

∣∣∣∣x2 + x+ 1

x+ 1
− 3

2

∣∣∣∣
=

∣∣∣∣2x2 − x− 1

2(x+ 1)

∣∣∣∣
=

∣∣∣∣(x− 1)(2x+ 1)

2x+ 2

∣∣∣∣
= |x− 1|

∣∣∣∣2x+ 1

2x+ 2

∣∣∣∣
< |x− 1|
< ε.



Mathematics Department Qualifying Exam Spring 2011
Subject : Analysis

Instructions : Solve 8 of the following 12 problems :

1. (a) State the ε-δ definition of the continuity of a function f : D → R at the point
x = a.

(b) Use your definition in (a) to show that the function f : R → R, where

f(x) =
1√

x2 + 1
, is continuous at x = −1.

2. Prove or disprove. Let F = 〈y, x〉 and let A and B be the curves

A : y = x2 − 1 ≤ x ≤ 2

B : y =
√

3(x+ 1) + 1 − 1 ≤ x ≤ 2

Then ∫
A

F · dr =

∫
B

F · dr.

3. If |xn| ≤ 2 and |xn+2 − xn+1| ≤
∣∣x2n+1 − x2n

∣∣
8

, show that {xn}∞n=1 is a convergent
sequence.

4. Use the method of Lagrange multipliers to find the maximum and minimum of the
function

f(x, y) = y2 − 4x2

subject to the constraint
x2 + 2y2 = 4.

5. Let f : R → R be a one to one function. Show that there exists c ∈ R such that
f(c2)− [f(c)]2 < 1/4. (Hint: Consider the map t→ t− t2)

6. Suppose that f is integrable on [a, b] such that

∫ q

a

f(x)dx = 0 for all rational q ∈

[a, b]. Must f be identically zero? Justify your answer.

Six more questions on the back !!!



7. Find all points where the function f(x) = |x|p, p ∈ R+ is differentiable. How does
your answer depend on the number p?

8. Prove that
lim |sn| = 0 if and only if lim sn = 0

9. Prove or disprove. If f and g are uniformly continuous functions on some interval
I in R, then max(f, g) is uniformly continuous on I.

10. Evaluate∫ 3√π

0

∫ 3√π

y

x4 cos(x2y) dxdy.

11. (a) State the Mean Value Theorem.

(b) Use the Mean Value theorem to prove that

√
1 + h < 1 +

h

2

for all h > 0.

12. Compute
lim
x→0

(cosx)1/x
2



Mathematics Department Qualifying Exam Spring 2011
Subject : Analysis

Instructions : Solve 8 of the following 12 problems :

1. (a) State the ε-δ definition of the continuity of a function f : D → R at the point
x = a.

(b) Use your definition in (a) to show that the function f : R → R, where

f(x) =
1√

x2 + 1
, is continuous at x = −1.

Solution:

(a) f is continuous at a ∈ D if for every ε > 0 there is a δ > 0 such that if x ∈ D
and |x− a| < δ, then |f(x)− f(a)| < ε.

(b) f(1) =
1√
2

. Pick ε > 0. Set δ = min
(

1,
ε

3

)
. Let x ∈ R such that |x+ 1| < δ.

Then, |x + 1| < 1, and so −1 < x + 1 < 1. Therefore, −3 < x − 1 < −1, and
so |x− 1| < 3. In addition.

√
2
√
x2 + 1

(√
2 +
√
x2 + 1

)
>
√

2
√

1
(√

2 +
√

1
)
> 1.

Thus, ∣∣∣∣ 1√
x2 + 1

− 1√
2

∣∣∣∣ =

∣∣∣∣∣
√

2−
√
x2 + 1√

2
√
x2 + 1

·
√

2 +
√
x2 + 1√

2 +
√
x2 + 1

∣∣∣∣∣
=

∣∣∣∣∣ 2− (x2 + 1)√
2
√
x2 + 1

(√
2 +
√
x2 + 1

)∣∣∣∣∣
<
∣∣1− x2∣∣

= |1− x||1 + x|
< 3δ

< ε

2. Prove or disprove. Let F = 〈y, x〉 and let A and B be the curves

A : y = x2 − 1 ≤ x ≤ 2

B : y =
√

3(x+ 1) + 1 − 1 ≤ x ≤ 2

Then ∫
A

F · dr =

∫
B

F · dr



Solution: The vector field F = 〈y, x〉 is conservative (it has f(x, y) = xy as a
potential function). Thus the fundamental theorem of line integrals states that any
two curves that start and end at the same point will have the same integral over
the vector field F.

3. If |xn| ≤ 2 and |xn+2 − xn+1| ≤
∣∣x2n+1 − x2n

∣∣
8

, show that {xn}∞n=1 is a convergent
sequence.

Solution: First, we see that∣∣x2n+1 − x2n
∣∣

8
=
|xn+1 − xn| |xn+1 + xn|

8
≤ |xn+1 − xn|

2
.

Iterating, we see that |xn+2 − xn+1| ≤
|x2 − x1|

2n
. Then, we can show that the

sequence is Cauchy, so it converges. Let ε > 0 be given and choose N ∈ N where

N >
4

ε ln 2
. If m,n > N , and we assume without loss of generality that n > m,

then

|xn − xm| = |xn − xn−1 + xn−1 − xn−2 + · · ·+ xm+1 − xm|
≤ |xn − xn−1|+ |xn−1 − xn−2|+ · · ·+ |xm+1 − xm|

≤ |x2 − x1|
(

1

2n−2
+

1

2n−3
+ · · ·+ 1

2m−1

)
≤ 4 · 2−n

(
2 + 22 + 23 + · · ·+ 2n−m+1

)
= 4

(
22−m − 2−n

)
≤ 4

2N

< ε

4. Use the method of Lagrange multipliers to find the maximum and minimum of the
function

f(x, y) = y2 − 4x2

subject to the constraint
x2 + 2y2 = 4.

Solution: The equation ∇f = λ∇g gives two relations. Adding to these the
constraint we have the following system of equations to tackle:

−8x = λ2x

2y = λ4y

x2 + 2y2 − 4 = 0.



Solving this system we see that if x = 0, y = ±
√

2. If y = 0, x = ±2. Since ∇g 6= 0
anywhere on the constraint, we conclude that λ 6= 0, and hence x and y can’t both
be non-zero simultaneously. Computing the function values we see that

f(0,±
√

2) = 2

and
f(±2, 0) = −16.

We conclude that the minimum of the given function is −16 and its maximum is 2
on the given constraint.

5. Let f : R → R be a one to one function. Show that there exists c ∈ R such that
f(c2)− [f(c)]2 < 1/4. (Hint: Consider the map t→ t− t2)
Solution: Consider the function g(t) = t − t2. It is clear that g(t) ≤ 1/4,
and g(t) = 1/4 if and only if t = 1/2. Observe that if c = 0 or c = 1, then
f(c2) − [f(c)]2 = f(c) − [f(c)]2 = g(f(c)). If f(0) 6= 1/2, then g(f(0)) < 1/4. If
f(0) = 1/2, then f(1) 6= 1/2 since f is 1-1. Thus g(f(1)) < 1/4. In either case we
found a c ∈ R such that f(c2)− [f(c)]2 < 1/4 as desired.

6. Suppose that f is integrable on [a, b] such that

∫ q

a

f(x)dx = 0 for all rational q ∈

[a, b]. Must f be identically zero? Justify your answer.

Solution: The answer is no. Consider any function f , which is identically zero on
[a, b] except for finitely many points, where the function value is 1. Such a function
is clearly integrable on [a, b] and has integral equal to zero. In addition, it satisfies

the condition that

∫ q

a

f(x)dx = 0 for all rational q ∈ [a, b], since

0 ≤
∫ q

a

f(x)dx ≤
∫ b

a

f(x)dx = 0.

NOTE: If in addition we were to require that f be continuous on [a, b], the answer
would be yes, essentially by the density of Q in R.

Six more questions on the back !!!



7. Find all points where the function f(x) = |x|p, p ∈ R+ is differentiable. How does
your answer depend on the number p?

Solution: We can rewrite our function as

f(x) =

{
xp x ≥ 0

(−x)p x < 0

¿From this formulation it is clear that f is differentiable at every point in R except
maybe at 0, since it is a monomial on the negative and positive half axes. Using
the definition of the derivative at zero we see that

lim
h→0+

f(h)− f(0)

h
= lim

h→0+

hp

h
= lim

h→0+
hp−1 = 0 = lim

h→0−

f(h)− f(0)

h
only if p > 1.

hence the function is differentiable at zero only if p > 1.

8. Prove that
lim |sn| = 0 if and only if lim sn = 0

Solution:
lim |sn| := lim

N→∞
sup {|sn| : n > N} = 0

Let ε > 0, then there exists N0 such that whenever n > N0 then |sn| < ε which
implies that limn→∞ sn = 0.

Conversely if limn→∞ sn = 0 then lim sn = 0 thus lim |sn| = 0.

9. Prove or disprove. If f and g are uniformly continuous functions on some interval
I in R, then max(f, g) is uniformly continuous on I.

Solution: Note that

max (a, b) =
1

2
(a+ b) +

1

2
|a− b|

for all a, b ∈ R. Therefore

max (f, g) =
1

2
(f + g) +

1

2
|f − g|

Since f, g are uniformly continuous on I, so are f + g and f − g. Also since f − g
is uniformly continuous on I, so is |f − g|. Hence

1

2
(f + g) +

1

2
|f − g| = max (f, g)

is uniformly continuous on I.



10. Evaluate∫ 3√π

0

∫ 3√π

y

x4 cos(x2y) dxdy.

Solution: Define R = {(x, y)|y ≤ x ≤ 3
√
π, 0 ≤ y ≤ 3

√
π}.

Then, the given integral can be rewritten as

∫∫
R

x4 cos(x2y) dA, where R is classi-

fied as a type II region.

We will change the order of integration by reclassifying R as a type I region, that
is, R = {(x, y)|0 ≤ x ≤ 3

√
π, 0 ≤ y ≤ x}.

Then, we can rewrite the integral as,∫∫
R

x4 cos(x2y) dA =

∫ 3√π

0

∫ x

0

x4 cos(x2y) dydx =
2

3
(with a simple computa-

tion).

11. (a) State the Mean Value Theorem.

(b) Use the Mean Value theorem to prove that

√
1 + h < 1 +

h

2

for all h > 0.

Solution:

(a) Let f : [a, b] → R be continuous on [a, b] and differentiable on (a, b). There
there exists a point c ∈ (a, b) such that

f ′(c) =
f(b)− f(a)

b− a
.

(b) Let x = 1 + h. Then h > 0 implies that x > 1. Since h = x − 1, the desired

inequality can be rewritten as
√
x < 1 +

(x− 1)

2
; i.e.,

√
x− 1

x− 1
<

1

2
. (1)

Since f(x) =
√
x is differentiable for x > 0, consider the interval [1, x]. Since

f(x) is continuous on [1, x] and differentiable on (1, x), we may apply the Mean
Value Theorem. Thus, there exists c ∈ (1, x) such that

f ′(c) =
f(x)− f(1)

x− 1
=

√
x− 1

x− 1
.



But, f ′(c) =
1

2
√
c
. So, we have

√
x− 1

x− 1
=

1

2
√
c

≤ 1

2
,

which is (??).

12. Compute
lim
x→0

(cosx)1/x
2

Solution: Let
y = (cosx)1/x

2

hence

ln y =
ln cosx

x2

Apply L’Hospital rule to get

lim
x→0

ln y = lim
x→0

ln cosx

x2
= lim

x→0

− tanx

2x
= −1

2

therefore
lim
x→0

(cosx)1/x
2

= e−1/2



Mathematics Department Qualifying Exam Fall 2010
Subject : Analysis

Instructions : Solve 8 of the following 12 problems :

1. (a) State the ε-δ definition of the uniform continuity of a function f : I → R.

(b) Use your definition in (a) to show that the function f : (0, 1) → R, where

f(x) =
1

x2 + 1
, is uniformly continuous .

2. (a) Show that the maximum value of x2y2z2 on a sphere of radius r centered at

the origin is

(
r2

3

)3

.

(b) Use (a) to show that for non-negative numbers a, b, and c,

(abc)
1
3 ≤ a+ b+ c

3
.

3. Let x1 = sin(1) and xn+1 = 1−
√

1− xn for all n ≥ 1.

(a) Prove that 0 < xn < 1 for all n ≥ 1.

(b) Prove that the sequence 〈xn〉n≥1 converges. What is the limit?

4. Evaluate ∫ 3

0

∫ 1

√
x
3

ey
3

dydx.

5. Prove that
{(

1
n+1

, 1
n−1

)
: n = 2, 3, 4, . . .

}
is an open covering of (0, 1) that does not

contain a finite subcovering of (0, 1).

6. Let a0, a1, . . . , an, . . . be a sequence of real numbers that converges to a limit L.
Prove that the series

∞∑
n=1

(an+1 − 2an + an−1)

converges and find its value.

Hint: What are the partial sums of the series?

Six more questions on the back !!!



7. Let a, b ∈ R with a < b and α > 0. Find all functions f ∈ C1((a, b)) such that
f ′(x) 6= 0 for all x ∈ (a, b) and f ′(x) = α(f−1)′(f(x)).

8. Consider the function

f(x) =

{
x if x ∈ Q
0 elsewhere

.

Prove that f is continous at x = 0 but discontinuous everywhere else.

9. Suppose that α, β ∈ R with α 6= β. Suppose that f : [a, b] → R is continuous so
that

α

∫ c

a

f(t)dt+ β

∫ b

c

f(t)dt = 0

for all c ∈ [a, b]. Prove that f(x) = 0 for all c ∈ [a, b].

Hint: Use the Fundamental Theorem of Calculus.

10. Let ~F , ~G : R3 → R3 be differentiable. Prove that

∇ · (~F × ~G) = (∇× ~F ) · ~G− (∇× ~G) · ~F .

Note that ∇ · ~F = div~F and ∇× ~F = curl ~F .

11. (a) State the Mean Value Theorem.

(b) Use the Mean Value Theorem to prove the following:

Let f be differentiable on R such that f(0) = 1 and |f ′(x)| ≤ 1 for all
x ∈ R. Then |f(x)| ≤ |x|+ 1.

12. Suppose that f is continuous on [a, b] and that

F (x) := sup f ([a, x]).

Prove that F is continuous on [a, b].



Mathematics Department Qualifying Exam Fall 2010
Subject : Analysis

Instructions : Solve 8 of the following 12 problems :

1. (a) State the ε-δ definition of the uniform continuity of a function f : I → R.

(b) Use your definition in (a) to show that the function f : (0, 1) → R, where

f(x) =
1

x2 + 1
, is uniformly continuous .

Solution: (a) f is uniformly continuous on I if and only if for all ε > 0 there exists
a δ > 0 such that if |x− y| < δ, x, y ∈ I, then |f(x)− f(y)| < ε.
(b) Let ε > 0 be given and set δ = ε

2
. If x, y ∈ (0, 1) and |x− y| < δ, then∣∣∣∣ 1

x2 + 1
− 1

y2 + 1

∣∣∣∣ =

∣∣∣∣ y2 − x2

(x2 + 1) (y2 + 1)

∣∣∣∣
=

∣∣∣∣ (x+ y)(y − x)

(x2 + 1) (y2 + 1)

∣∣∣∣
< 2|x− y|
< 2δ = ε.

2. (a) Show that the maximum value of x2y2z2 on a sphere of radius r centered at

the origin is

(
r2

3

)3

.

(b) Use (a) to show that for non-negative numbers a, b, and c,

(abc)
1
3 ≤ a+ b+ c

3
.

Solution:

(a) We will use the method of Lagrange multipliers. Let P (x, y, z) be any point
on the sphere of radius r centered at the origin.

Define f(x, y, z, λ) = x2y2z2 − λ(x2 + y2 + z2 − r2). Then,

fx = 2xy2z2 − 2λx,
fy = 2x2yz2 − 2λy,
fz = 2x2y2z − 2λz,
fλ = −(x2 + y2 + z2 − r2).
Setting each to zero (ignoring trivial solutions) and solving, we get,

λ = y2z2,
λ = x2z2,



λ = x2y2,
x2 + y2 + z2 = r2.

This implies x2 = y2 = z2 = r2/3 and hence, the maximum value (by a logical
reasoning argument) of x2y2z2 is (r2/3)3.

(b) Define a = x2, b = y2, c = z2 to be three non-negative real numbers. From (a),
we have,

abc ≤ ((a+ b+ c)/3)3 ⇒ (abc)1/3 ≤ a+ b+ c

3

3. Suppose xn is a sequence of real numbers converging to 0. Prove that

lim
n→∞

x1 + x2 + · · ·+ xn
n

= 0.

Solution: Since xn → 0 there is an N ∈ N such that n ≥ N implies |xn| < ε.
WLOG assume that n ≥ N (we can do this since we want to let n → ∞ anyway)
and calculate∣∣∣∣x1 + x2 + · · ·+ xn

n

∣∣∣∣ ≤ ∣∣∣∣x1 + x2 + · · ·+ xN−1
n

∣∣∣∣+
n∑

i=N

|xi|
n

≤
∣∣∣∣x1 + x2 + · · ·+ xN−1

n

∣∣∣∣+ ε
(n−N)

n
.

Taking the limit as n→∞ of both sides gives

lim
n→∞

x1 + x2 + · · ·+ xn
n

≤ ε

Since ε > 0 was arbitrary the result follows.

4. Evaluate ∫ 3

0

∫ 1

√
x
3

ey
3

dydx.

Solution: Define R = {(x, y)|0 ≤ x ≤ 3,
√
x/3 ≤ y ≤ 1}.

Then, the given integral can be rewritten as

∫∫
R

ey
3

dA, where R is classified as a

type I region.

We will change the order of integration by reclassifying R as a type II region, that
is, R = {(x, y)|0 ≤ x ≤ 3y2, 0 ≤ y ≤ 1}.
Then, we can rewrite the integral as,∫∫

R

ey
3

dA =

∫ 1

0

∫ 3y2

0

ey
3

dxdy = e− 1 (with a simple computation).



5. Let f : [a, b] → R be a function that satisfies 0 < c ≤ f(x) for all x ∈ [a, b] and
some c > 0.

(i) Prove that if f is integrable on [a, b], then so is
√
f .

(ii) Show that the converse is false, i.e. give an example of a function f and an
interval [a, b] such that

√
f is integrable on [a, b] but f is not.

6. Let a0, a1, . . . , an, . . . be a sequence of real numbers that converges to a limit L.
Does the series

∞∑
n=1

(an+1 − 2an + an−1)

converge? If so, what is its value? Justify your answer.

Solution: Consider the partial sum

N∑
n=1

(an+1 − 2an + an−1) =
N∑
n=1

(an+1 − an + an−1 − an)

=
N∑
n=1

(an+1 − an) +
N∑
n=1

(an−1 − an)

= aN+1 − a1 + a0 − aN

so
∞∑
n=1

(an+1 − 2an + an−1) = lim
N→∞

N∑
n=1

(an+1 − 2an + an−1)

= limN →∞(aN+1 − a1 + a0 − aN)

= L− a1 + a0 − L
= a0 − a1.

Six more questions on the back !!!



7. Suppose a < b and a, b ∈ R. Find all functions f : (a, b) → R such that f ′(x) 6= 0
for all x ∈ (a, b) and f ′(x) = α(f−1)′(f(x)).

Solution: We are looking for all functions f such that f ′(x) 6= 0 and f ′(x) =
α(f−1)′(f(x)) for all x ∈ (a, b). Since f is continuous and 1 − 1 we conclude that
f is either strictly increasing or strictly decreasing. We use that inverse function
theorem to get

f ′(x) =
α

f ′(f−1(f(x))
=

α

f ′(x)
.

It follows that f ′(x) =
√
α, or f(x) =

√
αx+ k where k is any constant.

8. Find all points in R where the function

f(x) =

{
sinx x ∈ Q
0 x else

is differentiable. Justify your answer. Do the same for f 2.

9. Suppose that α, β ∈ R such that α 6= β. Suppose that f : [a, b] → R is continuous
so that

α

∫ c

a

f(t)dt+ β

∫ b

c

f(t)dt = 0

for all c ∈ [a, b]. Prove that f(x) = 0 for all c ∈ [a, b].

Solution: We have α 6= β. Define

F (x) = α

∫ x

a

f(t)dt+ β

∫ b

x

f(t)dt = α

∫ x

a

f(t)dt− β
∫ x

b

f(t)dt.

Using FTC we see that F ′(x) = (α − β)f(x) for all x ∈ [a, b]. On the other hand
F (c) = 0 for all c ∈ (a, b) by hypothesis. It follows that since α 6= β we must have
f(x) = 0 for all x ∈ (a, b). Since f is continuous on [a, b] we conclude that in fact
f(x) = 0 for all x ∈ [a, b].

10. A shipping company requires that the sum of length plus girth of rectangular boxes
must not exceed 108 in. Find the dimensions of the box with maximum volume that
meets this condition. (The girth is the perimeter of the smallest base of the box.)

11. (a) State the Mean Value Theorem.

(b) Use the Mean Value Theorem to show that for all x ∈ R, | sinx| ≤ |x|.
Solution: (a) Let f be differentiable on an open interval I. For all a, b ∈ I with
a 6= b, there exists a c between a and b such that

f(b)− f(a)

b− 1
= f ′(c).



(b) Let f(x) = sin x and let x, y ∈ R. We want to show that | sinx− sin y| ≤ |x−y|.
If x = y the result is trivially true. Without loss of generality, assume that x < y.
The function sinx is continuous on [x, y] and differentiable on (x, y). So, we can
apply the Mean Value Theorem to say that there exists c ∈ (x, y) such that

f ′(c) =
sinx− sin y

x− y
; i.e.,

cos c =
sinx− sin y

x− y
, so

| cos c| =
∣∣∣∣sinx− sin y

x− y

∣∣∣∣ .
Since | cos c| ≤ 1,

∣∣∣∣sinx− sin y

x− y

∣∣∣∣ ≤ 1. Therefore,

| sinx− sin y| ≤ |x− y|.

Set y = 0, and the conclusion follows.

12. Suppose that f is continuous on [a, b] and that

F (x) := sup f ([a, x]).

Prove that F is continuous on [a, b].

Solution: First let us prove that F is monotone. Indeed let a ≤ x1 ≤ x2 ≤ b then
[a, x1] ⊆ [a, x2]. Therefore

f ([a, x1]) ⊆ f ([a, x2])

then
F (x1) = sup f ([a, x1]) ≤ sup f ([a, x2]) = F (x2).

Let x0 ∈ [a, b], and consider a sequence {xn}n∈N ⊆ [a, b] that converges to x0. Since
f is continuous, we can choose ε > 0 small enough to have

f(x0 − ε) ≈ f(x0) ≈ f(x0 + ε).

Hence
F (x0 − ε) = F (x0) = F (x0 + ε).

Since (xn) converges to x0 there exits N such that n > N implies

x0 − ε < xn < x0 + ε.

Since F is monotone then

F (x0 − ε) ≤ F (xn) ≤ F (x0 + ε) for n > N



hence
lim
n→∞

F (x0 − ε) ≤ lim
n→∞

F (xn) ≤ lim
n→∞

F (x0 + ε)

F (x0 − ε) ≤ lim
n→∞

F (xn) ≤ F (x0 + ε).

Thus
lim
n→∞

F (xn) = F (x0).



Mathematics Department Qualifying Exam Spring 2010
Subject : Analysis

Instructions : Solve 8 of the following 12 problems :

1. (a) State the ε-δ definition of the continuity of a function f : D → R at the point
x = a.

(b) Use your definition in (a) to show that the function
1

2x2 + 1
is continuous at

x = −1.

2. Find the volume of the region bounded above by the spherical surface x2+y2+z2 = 2
and bounded below by the paraboloid z = x2 + y2.

3. Evaluate the following limit: lim
x→0

( x

sinx

)1/x2

4. Find the points on the surface
xy2z = 2

that are closest to the origin.

5. Let sn be a sequence defined recursively as follows: s1 = a, s2 = b and sn =
1

2
(sn−1 + sn−2) for n > 2, and a, b ∈ R. Find limn→∞ sn.

(Hint: Notice the following:

s1 = a

s2 = a+ (b− a)

s3 = a+ (b− a)− 1
2
(b− a)

s4 = a+ (b− a)− 1
2
(b− a) + 1

4
(b− a)

s5 = a+ (b− a)− 1
2
(b− a) + 1

4
(b− a)− 1

8
(b− a)

Now prove a general formula for sn by induction.)

6. Let g(x) =
∣∣|x| − 1

∣∣.
(i) Find (with proof: justify your answer) all points where g is not differentiable.

(ii) Prove (justify your answer) that g is integrable on [−2, 2], and find

∫ 2

−2
g(x)dx.

Six more questions on the back !!!



7. Suppose
∞∑
n=1

an is an absolutely convergent series such that an 6= 0 for all n ≥ 1 and

f : R→ R is a function such that lim
x→0

∣∣∣∣f(x)

x

∣∣∣∣ exists. Prove that the series
∞∑
n=1

f(an)

is absolutely convergent.

8. Suppose that f, g are bounded, uniformly continuous functions on some set S ⊂ R.
Prove that f · g is uniformly continuous on S.

9. Consider the function f : [0, 1]→ R given by

f(x) =


1

n
x ∈

(
1

2n
,

1

2n− 1

]
− 1

n
x ∈

(
1

2n+ 1
,

1

2n

] n = 1, 2, 3, 4, . . .

Prove any way you can that f is integrable on [0, 1].

10. Let f, g be functions with continuous second-order partial derivatives in the region R
bounded by the piecewise smooth simple closed curve C. Use Green’s first identity
given below ∮

C

f∇g · n ds =

∫∫
R

[(f)(∇ · ∇g) +∇f · ∇g] dA

to prove Green’s second identity∮
C

(f∇g − g∇f) · n ds =

∫∫
R

[(f)(∇ · ∇g)− (g)(∇ · ∇f)] dA.

11. (a) State the Mean Value Theorem.

(b) Use the Mean Value Theorem to show that if f is continuous on [3, 5] and
differentiable on (3, 5), and f(3) = 6, f(5) = 10, then for some point x0 in
the interval (3, 5), the tangent line to the graph of f at x0 passes through the
origin.

(Hint: Consider the function g(x) =
f(x)

x
.)

12. Let f : [a, b] → be continuous and strictly increasing on [a, b]. Prove that for
any non-empty subset E of [a, b], we have that sup f(E) = f(supE). (recall that
f(E) = {f(x) : x ∈ E}).



Solutions to 2009 Fall Analysis Qualifying Exam questions

Problem 1.
(a) State the ε − δ definition of continuity of a function f : D→ R at a point a.

(b) Use your definition in (a) to show that the function f (x) =
x2

x2 + 2
is continuous at

x = −1.
Solution: f is continuous at a ∈ D if for every ε > 0 there is a δ > 0 so that if |x − a| < δ,

and x ∈ D, then | f (x) − f (a)| < ε. Next, we note that f (−1) =
1
3

. We then calculate

| f (x) − f (−1)| =

∣∣∣∣∣ x2

x2 + 2
−

1
3

∣∣∣∣∣ =

∣∣∣∣∣3x2
− x2
− 2

3(x2 + 2)

∣∣∣∣∣ =

∣∣∣∣∣2(x2
− 1)

3(x2 + 2)

∣∣∣∣∣
=

∣∣∣∣∣ 2(x − 1)
3(x2 + 2)

∣∣∣∣∣ |x − (−1)|

Let δ = min{12 , ε}. With this choice we see that if |x − (−1)| < δ then
∣∣∣∣ 2(x−1)

3(x2+2)

∣∣∣∣ < 1
2 , and hence

| f (x) − f (−1)| < ε.

Problem 2. Suppose f : R→ R satisfies

| f (x) − f (y)| ≤ |x − y|α,

for some α > 1. Show that f must be a constant function.
Solution: Fix x ∈ R and take y , x. Since α > 1, dividing through by |x − y| , 0 we obtain

| f (x) − f (y)|
|x − y|

< |x − y|α−1
→ 0

as y → x. This means that (i) f is differentiable at x ∈ R and f ′(x) = 0. Since x ∈ R was
arbitrary, we conclude that f is a constant function.

Problem 3. Compute ∫ 1

0

∫ 1

x2
ln (1 + y3/2)dydx.

Solution: The region of integration shown on Figure 1 is equivalent to the region

D = {(x, y) ∈ R2 : 0 ≤ x ≤
√

y, 0 ≤ y ≤ 1}

So ∫ 1

0

∫ 1

x2
ln (1 + y3/2)dydx =

∫ 1

0

∫ √
y

0
ln (1 + y3/2)dxdy =

∫ 1

0

√
y ln (1 + y3/2)dy

Let
u = 1 + y3/2 so du =

3
2
√

y dy

and ∫ 1

0

√
y ln (1 + y3/2)dy =

2
3

∫ 2

1
ln u du =

2
3

(u ln u − u)
∣∣∣2
1

=
2
3

(2 ln 2 − 1).

1
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Figure 1. The region of integration with 0 ≤ x ≤ 1 and x2
≤ y ≤ 1.

Problem 4. Suppose that {xn} satisfies

|xn − xn+1| <
1

(n + 1)[ln(n + 1)]2 .

Prove that {xn} is a Cauchy sequence.
Solution Note that if n ≥ m, then

|xn − xm| ≤ |xn − xn−1| + |xn−1 − xn−2| + · · · + |xm+1 − xm|

<
1

n[ln(n)]2 +
1

(n − 1)[ln(n − 1)]2 + · · · +
1

(m + 1)[ln(m + 1)]2

<
∞∑

k=m+1

1
k[ln(k)]2

Since the series
∞∑

k=2

1
k[ln(k)]2 is convergent (use the integral test) we have that given any

ε > 0 there is an N, so that if m ≥ N then
∞∑

k=m+1

1
k[ln(k)]2 ≤ ε.

Thus if n,m ≥ N, then |xn − xm| < ε and the sequence is Cauchy, as desired.
2



Problem 5. Find all points in R where the function

f (x) =

{
sin x x ∈ Q
0 x else

is differentiable. Justify your answer. Do the same for f 2.
Solution Note first that the only rational number q so that sin(q) = 0 is q = 0. It follows
that f is not even continuous at any point other than possibly at x = 0. If qn is a sequence
of rational numbers converging to 0. We then have∣∣∣∣∣ f (qn) − f (0)

qn − 0

∣∣∣∣∣ =

∣∣∣∣∣ f (qn)
qn

∣∣∣∣∣ =

∣∣∣∣∣sin qn

qn

∣∣∣∣∣→ 1 as n→∞.

If we choose an irrational sequence in converging to 0, we see that∣∣∣∣∣ f (in) − f (0)
in − 0

∣∣∣∣∣ =

∣∣∣∣∣ f (in)
in

∣∣∣∣∣ = 0.

It follows that f is not differentiable anywhere on R. If we consider now f 2, we still
have that this function is discontinuous everywhere except at 0. So we need to check
differentiability on at 0. To this end note that∣∣∣∣∣∣ f 2(x) − f 2(0)

x − 0

∣∣∣∣∣∣ =

∣∣∣∣∣∣ f 2(x)
x

∣∣∣∣∣∣ ≤
∣∣∣∣∣∣sin2(x)

x

∣∣∣∣∣∣→ 0 as x→ 0.

Thus we conclude that f 2 is differentiable at 0 and ( f 2)′(0) = 0.

Problem 8. Find the points on the ellipsoid

x2 + 4y2 + 9z2 = 1

where the normal line is parallel to the line that has for symmetric equations
x − 1

2
=

y + 1
−1

=
z − 0

3
Solution: The ellipsoid is a level surface of the function F(x, y, z) = x2 + 4y2 + 9z2. Let
P(x0, y0, z0) be a point on the ellipsoid where the normal line passes. Therefore the direction
of the normal line is given by ∇F(x0, y0, z0) =< 2x0, 8y0, 18z0 > and is parallel to the vector
< 2,−1, 3 > so

< 2x0, 8y0, 18z0 >= k < 2,−1, 3 > for some scalar k.
Thus

2x0 = 2k
8y0 = −k
18z0 = 3k.

Since P is on the ellipsoid then

k2 + 4 ·
(
−k
8

)2

+ 9 ·
(

k
6

)2

= 1

or
16k2 + k2 + 4k2 = 16

3



Thus
k = ±

4
√

21
so the points are (

−
4
√

21
,

1

2
√

21
,−

2

3
√

21

)
and

(
4
√

21
,−

1

2
√

21
,

2

3
√

21

)
.

Problem 11. Let f , g be functions with continuous second-order partial derivatives in
the region R bounded by the piecewise smooth simple closed curve C. Apply Green’s
theorem in vector form to show that∮

C
f∇g·n ds =

∫∫
R

[
( f )(∇·∇g) + ∇ f ·∇g

]
dA.

Solution:

Lemma 0.1. Assume that appropriate partial derivatives exist, and let f be a scalar field and F be
a vector field. Then

(0.1) ∇·( f F) = f∇·F + F·∇ f

Proof. Let F = 〈P,Q,R〉.

∇·( f F) =
∂( f P)
∂x

+
∂( f Q)
∂y

+
∂( f R)
∂z

=

(
f
∂P
∂x

+ P
∂ f
∂x

)
+

(
f
∂Q
∂y

+ Q
∂ f
∂y

)
+

(
f
∂R
∂z

+ R
∂ f
∂z

)
= f∇·F + F·∇ f

�

Theorem 0.2. The following is Green’s theorem in vector form:

(0.2)
∮

C
F1·n ds =

∫∫
R
∇·F1 dA.

Using Green’s theorem and Lemma 1 above with F1 = f∇g and F = ∇g, we get the
desired result.

4



Solutions to 2009 Fall Analysis Qualifying Exam questions

Problem 1.
(a) State the ε − δ definition of continuity of a function f : D→ R at a point a.

(b) Use your definition in (a) to show that the function f (x) =
x2

x2 + 2
is continuous at

x = −1.
Solution: f is continuous at a ∈ D if for every ε > 0 there is a δ > 0 so that if |x − a| < δ,

and x ∈ D, then | f (x) − f (a)| < ε. Next, we note that f (−1) =
1
3

. We then calculate

| f (x) − f (−1)| =

∣∣∣∣∣ x2

x2 + 2
−

1
3

∣∣∣∣∣ =

∣∣∣∣∣3x2
− x2
− 2

3(x2 + 2)

∣∣∣∣∣ =

∣∣∣∣∣2(x2
− 1)

3(x2 + 2)

∣∣∣∣∣
=

∣∣∣∣∣ 2(x − 1)
3(x2 + 2)

∣∣∣∣∣ |x − (−1)|

Let δ = min{12 , ε}. With this choice we see that if |x − (−1)| < δ then
∣∣∣∣ 2(x−1)

3(x2+2)

∣∣∣∣ < 1
2 , and hence

| f (x) − f (−1)| < ε.

Problem 2. Suppose f : R→ R satisfies

| f (x) − f (y)| ≤ |x − y|α,

for some α > 1. Show that f must be a constant function.
Solution: Fix x ∈ R and take y , x. Since α > 1, dividing through by |x − y| , 0 we obtain

| f (x) − f (y)|
|x − y|

< |x − y|α−1
→ 0

as y → x. This means that (i) f is differentiable at x ∈ R and f ′(x) = 0. Since x ∈ R was
arbitrary, we conclude that f is a constant function.

Problem 3. Let fn : [a, b] → R be a sequence of integrable functions. Prove or disprove
the following statements:

(i) If fn → f pointwise, then ∫ b

a
fn(x)dx→

∫ b

a
f (x)dx

FALSE. To see this consider the functions

fn(x) =

{
sin(nxπ)

2 0 ≤ x ≤ 1
n

0 1
n ≤ x ≤ 1

Then fn(0) = 0 for all n, and∫ 1

0
fn(x)dx = 1 ∀n ∈N

Clearly fn → 0 point-wise on [0, 1] but
∫ 1

0
fn(x)dx do not converge to 0.

1



(ii) If
∫ b

a
fn(x)dx→ 0, then fn → 0 uniformly on [a, b].

FALSE. Consider fn(x) = xn on [0, 1]. Then∫ 1

0
xndx =

1
n + 1

→ 0 as n→∞.

But the fn(1) = 1 for all n! so they don’t even converge pointwise to 0.

Problem 4. Suppose that {xn} satisfies

|xn − xn+1| <
1

(n + 1)[ln(n + 1)]2 .

Prove that {xn} is a Cauchy sequence.
Solution Note that if n ≥ m, then

|xn − xm| ≤ |xn − xn−1| + |xn−1 − xn−2| + · · · + |xm+1 − xm|

<
1

n[ln(n)]2 +
1

(n − 1)[ln(n − 1)]2 + · · · +
1

(m + 1)[ln(m + 1)]2

<
∞∑

k=m+1

1
k[ln(k)]2

Since the series
∞∑

k=2

1
k[ln(k)]2 is convergent (use the integral test) we have that given any

ε > 0 there is an N, so that if m ≥ N then
∞∑

k=m+1

1
k[ln(k)]2 ≤ ε.

Thus if n,m ≥ N, then |xn − xm| < ε and the sequence is Cauchy, as desired.

Problem 5. Find all points in R where the function

f (x) =

{
sin x x ∈ Q
0 x else

is differentiable. Justify your answer. Do the same for f 2.
Solution Note first that the only rational number q so that sin(q) = 0 is q = 0. It follows
that f is not even continuous at any point other than possibly at x = 0. If qn is a sequence
of rational numbers converging to 0. We then have∣∣∣∣∣ f (qn) − f (0)

qn − 0

∣∣∣∣∣ =

∣∣∣∣∣ f (qn)
qn

∣∣∣∣∣ =

∣∣∣∣∣sin qn

qn

∣∣∣∣∣→ 1 as n→∞.

If we choose an irrational sequence in converging to 0, we see that∣∣∣∣∣ f (in) − f (0)
in − 0

∣∣∣∣∣ =

∣∣∣∣∣ f (in)
in

∣∣∣∣∣ = 0.

It follows that f is not differentiable anywhere on R. If we consider now f 2, we still
have that this function is discontinuous everywhere except at 0. So we need to check

2



differentiability on at 0. To this end note that∣∣∣∣∣∣ f 2(x) − f 2(0)
x − 0

∣∣∣∣∣∣ =

∣∣∣∣∣∣ f 2(x)
x

∣∣∣∣∣∣ ≤
∣∣∣∣∣∣sin2(x)

x

∣∣∣∣∣∣→ 0 as x→ 0.

Thus we conclude that f 2 is differentiable at 0 and ( f 2)′(0) = 0.

Problem 8. Use the definition of uniform convergence of a sequence of functions to prove

that fn(x) =
1 + 2 cos2(nx)

√
n

converges uniformly to 0 on R.

Solution We need to check that given ε > 0, there is an N, so that if n ≥ N, then | fn(x)−0| < ε
for all x ∈ R. Note that ∣∣∣∣∣∣1 + 2 cos2(nx)

√
n

∣∣∣∣∣∣ ≤ 3
√

n
hence if N > 9

ε2 , then n ≥ N implies | fn(x) − 0| < ε ∀x ∈ R. The proof is complete.

Problem 11. Prove that

f (x, y) =


x3
− xy2

x2 + y2 (x, y) , (0, 0)

0 (x, y) = (0, 0)

has first order partial derivatives everywhere on R2. Is f differentiable at (0, 0)? Justify
your answer.
Solution The existence of the partials away from (0, 0) is a simple calculus exercise. At
(0, 0) we have to use the definitions. Thus we calculate

lim
y→0

f (0, y) − f (0, 0)
y − 0

= 0

and

lim
x→0

f (x, 0) − f (0, 0)
x − 0

= lim
x→0

x
x

= 1.

Thus the partial derivatives exists on all of R2, but they don’t agree at (0, 0), hence our
function is not differentiable at (0, 0).

Problem 12. Prove that the limit

lim
n→∞

∫ 7

2

n + cos x
2n + sin2 x

dx

exists and find its value.
Solution We check that the integrand converges uniformly to

1
2

on [2, 7]:∣∣∣∣∣ n + cos x
2n + sin2 x

−
1
2

∣∣∣∣∣ =

∣∣∣∣∣∣2 cos x − sin2 x
2(2n + sin2 x)

∣∣∣∣∣∣ ≤ 3
4n
→ 0 as n→∞.

Thus

lim
n→∞

∫ 7

2

n + cos x
2n + sin2 x

dx =

∫ 7

2
lim
n→∞

n + cos x
2n + sin2 x

dx =

∫ 7

2

1
2

dx =
5
2

3



Mathematics Department Qualifying Exam - Solutions Spring 2009
Subject : Analysis

Instructions : Solve 8 of the following 12 problems :

1. (a) State the ε-δ definition of uniform continuity of a function f : I → R.
Solution: f is uniformly continuous on I if and only if for all ε > 0 there
exists a δ > 0, such that |x− y| < δ, x, y ∈ I implies |f(x)− f(y)| < ε.

(b) Consider the function f : (0, 1)→ R where f(x) = x2 for all x ∈ (0, 1). Use the
definition you gave in (a) to prove that f is uniformly continuous over (0, 1).

Solution: Let ε > 0 be given and set δ =
ε

2
. If x, y ∈ (0, 1) and |x − y| < δ,

then
|x2 − y2| = |(x+ y)(x− y)| < 2|x− y| < 2δ = ε,

and by part (a) we conclude that f(x) = x2 is uniformly continuous on (0, 1).

2. Prove that the series
+∞∑
k=1

sin(
√
k x)

k2 + x2
converges uniformly over R.

Solution: Note that ∣∣∣∣∣sin(
√
k x)

k2 + x2

∣∣∣∣∣ ≤ 1

k2 + x2
≤ 1

k2
, ∀x ∈ R.

Since
∞∑

k=1

1

k2
=
π2

6
< +∞, the Weierstrass M-test applies, and we conclude that the

indicated series converges uniformly on R.

3. Let P,Q be non-empty bounded subsets of R such that for each x ∈ P there exists
y ∈ Q with x ≤ y.

(a) Show that sup(P ) ≤ sup(Q).
Solution: Suppose not. Then supP > supQ. This implies that there is an
element p ∈ P such that supP ≥ p > supQ, which in turn gives p > q for all
q ∈ Q, a contradiction.

(b) Is inf(P ) ≤ inf(Q)? If true, prove the statement; if false, give a counterexample.
Solution: The answer is a resounding NO! For a counterexample, set P = [0, 1]
and Q = [−2, 2].

4. Evaluate lim
n→+∞

∫ 1

−2

e
x2

n dx. Justify your answer!

Solution: The limit is equal to 3, by interchanging the limit with the integral. One



can do this, because ex2/n → 1 uniformly on [−2, 1]. To see this, let ε > 0 be given.
Then ∣∣∣ex2

n − 1
∣∣∣ ≤ e

4
n − 1 < ε x ∈ [−2, 1], n� 1

since 4/n→ 0 and the exponential function is continuous on R.

5. Compute lim
(x,y)→(0,0)

x2y

x4 + y2
if it exists. If it does not exist, write DNE. Prove your

answer!
Solution: The limit does not exist. Along the curve y = x2, we get that the

quotient
x2y

x4 + y2
is constant 1/2. On the other hand

lim
(x,0)→(0,0)

x2y

x4 + y2
= 0.

6. Consider the function f : R→ R where

f(x) =

{
0 if x ∈ Q
x2 if x /∈ Q

(a) At which points in R is f continuous? Justify your answer!

(b) At which points in R is f differentiable? Justify your answer!

Solution: Standard arguments (using the definitions of continuity and differentia-
bility) show that f is continuous only at x = 0, and it is actually differentiable
there.

7. (a) State the Mean Value Theorem.
Solution: Let f be differentiable on an open interval I. For all a, b ∈ I with
a 6= b, there exists a c between a and b such that

f(b)− f(a)

b− a
= f ′(c).

(b) Let f : R→ R be differentiable over R such that f(0) = 1 and |f ′(x)| ≤ 1 for
all x ∈ R. Prove that |f(x)| ≤ |x|+ 1 for all x ∈ R.
Solution: By part (a), we have

f(x)− f(0)

x− 0
= f ′(c)

for some c between x and 0. It follows that for any x ∈ R we have∣∣∣∣f(x)− f(0)

x− 0

∣∣∣∣ =

∣∣∣∣f(x)− 1

x

∣∣∣∣ = |f ′(c)| ≤ 1,



and hence
|f(x)− 1| ≤ |x|, ∀x ∈ R.

Since |f(x)| − 1 ≤ |f(x)− 1|, we obtain |f(x)| ≤ |x|+ 1, as desired.

8. Let f : [0, 1] → R be continuous and positive on [0, 1] such that
∫ 1

0
f(x)dx = 0.

Prove that f(x) = 0 for all x ∈ [0, 1].
Solution: Suppose not. Then there is a point x0 ∈ [0, 1] such that f(x0) > 0. By
the sign preserving property of continuous functions, there exists ε > 0, such that

f(x) > 0 on I
def
= [x0 − ε, x0 + ε] ∩ [0, 1]. Let PI be a partition of [0, 1] that contains

the endpoints of I. Then L(PI , f) > 0, and since f is integrable on [0, 1], we have∫ 1

0

f(x)dx = L(f) = sup
P
L(P, f) ≥ L(PI , f) > 0,

a contradiction.

9. Put C =

{(
x

2
,
x+ 1

2

)
: 0 < x < 1

}
. Show that C is an open cover of (0, 1) and

that C does not contain a finite subcover of (0, 1).

Solution Given x ∈ (0, 1), it is contained in the open interval

(
x

2
,
x+ 1

2

)
, hence

C is an open cover of (0, 1). Now if CF is any finite subcover of C, then there is a

smallest xm ∈ (0, 1) such that

(
xm

2
,
xm + 1

2

)
∈ CF . Consequently,

xm

4
is not in any

of the sets contained in CF . Thus no finite subcover of C can be an open cover of
(0, 1).

10. For all x, y > 0 we define d(x, y) =

∣∣∣∣1x − 1

y

∣∣∣∣. Is d a metric on (0,+∞)? Prove your

answer!
Solution: The only mildly (and even that is a stretch) interesting property to check
is the triangle inequality, as d(x, y) is trivially non-negative, symmetric, and 0 if and
only if x = y. For the triangle inequality, simply calculate

d(x, y) =

∣∣∣∣1x − 1

y

∣∣∣∣ =

∣∣∣∣1x − 1

z
+

1

z
− 1

y

∣∣∣∣ ≤ ∣∣∣∣1x − 1

z

∣∣∣∣+

∣∣∣∣1z − 1

y

∣∣∣∣ = d(x, z) + d(z, y).

11. Let f and g be defined on [a, b] with g continuous, f ≥ 0, and f integrable. Show
that there exists a point x0 ∈ [a, b] such that∫ b

a

f(x)g(x)dx = g(x0)

∫ b

a

f(x)dx.



Solution: Since g is continuous on [a, b], it attains both its minimum and its

maximum there. Write gm
def
= minx∈[a,b] g(x) and gM

def
= maxx∈[a,b] g(x). Then

gm ≤
∫ b

a
f(x)g(x)dx∫ b

a
f(x)dx

≤ gM

hence by the Intermediate Value Theorem, there is an point x0 ∈ [a, b], such that

g(x0) =

∫ b

a
f(x)g(x)dx∫ b

a
f(x)dx

,

and the proof is complete.

12. Consider the sequence 〈an〉n≥1 defined by a1 = 1

an+1 = 3− 1

an

for all n ≥ 1

Prove that the sequence 〈an〉n≥1 converges.
Solution: We show that an is bounded and monotone. We prove the first assertion

by induction. We claim that 1 ≤ an ≤
3 +
√

5

2
. Since 1 ≤ a1 = 1 ≤ 3 +

√
5

2
, we

have our base case. Assume now that 1 ≤ an ≤
3 +
√

5

2
. Then

(?) 1 < 2 ≤ an+1 = 3− 1

an

≤ 3− 2

3 +
√

5
=

7 + 3
√

5

3 +
√

5
=

6 + 2
√

5

4
=

3 +
√

5

2
.

Next we show that an is monotone increasing. We start by noting that a1 = 1 <
a2 = 2. By the recursive formulation we see that an+1 > an if and only if

(†) a2
n − 3an + 1 < 0.

This happens precisely if
3−
√

5

2
< an <

3 +
√

5

2
. Since

3−
√

5

2
< 1, the bounds

exhibited in (?) assure that (†) holds. This completes the proof.



Mathematics Department Qualifying Exam Fall 2009
Subject : Analysis

Instructions : Solve 8 of the following 12 problems :

1. (a) State the ε-δ definition of the continuity of a function f : D → R at a point a.

(b) Use your definition in (a) to show that the function
x2

x2 + 2
is continuous at

x = −1.

2. Suppose f : R→ R satisfies

|f(x)− f(y)| ≤ |x− y|α,

for some α > 1. Show that f must be a constant function.

3. Compute ∫ 1

0

∫ 1

x2

ln (1 + y3/2)dydx.

4. Suppose that {xn} satisfies

|xn − xn+1| <
1

(n+ 1)[ln(n+ 1)]2
.

Prove that {xn} is a Cauchy sequence.

5. Find all points in R where the function

f(x) =

{
sinx, x ∈ Q
0, otherwise

is differentiable. Justify your answer. Do the same for f 2.

6. Prove that a function f : A → N ⊂ R is uniformly continuous on A if and only
if for every pair of sequences xk and yk in A such that |xn − yn| → 0 we have
|f(xn)− f(yn)| → 0.

Six more questions on the back !!!



7. Prove that for a function f : [0, 1] → [0, 1], there exists a point x ∈ [0, 1] such that
f(x) = x.

8. Find the points on the ellipsoid

x2 + 4y2 + 9z2 = 1

where the normal line is parallel to the line that has symmetric equations
x− 1

2
=

y + 1

−1
=
z − 0

3

9. (a) State the ε-δ definition of the limit L of a function of one variable at a point
a.

(b) Find

lim
x−>1

x− 1√
x− 1

.

Use your definition from (a) to prove your answer.

10. (a) Prove that if
∞∑
k=1

ak converges, then its partial sums sn are bounded.

(b) Show that the converse of part (a) is false. Namely, show that a series
∞∑
k=1

ak

may have bounded partial sums and still diverge.

11. Let f, g be functions with continuous second-order partial derivatives in the region
R bounded by the piecewise smooth simple closed curve C. Apply Green’s theorem
in vector form to show that∮

C

f∇g · nds =

∫∫
R

[(f)(∇ · ∇g) +∇f · ∇gdA.

12. Prove that ∫ ∞
0

1

1 + x2

xa − xb

(1 + xa)(1 + xb)
dx = 0 ∀a, b ∈ R.(

Hint: Try the substitution x =
1

u
.

)



Mathematics Department Qualifying Exam Fall 2009
Subject : Analysis – with Math 172 Material

Instructions : Solve 8 of the following 12 problems :

1. (a) State the ε-δ definition of the continuity of a function f : D → R at a point a.

(b) Use your definition in (a) to show that the function
x2

x2 + 2
is continuous at

x = −1.

2. Suppose f : R→ R satisfies

|f(x)− f(y)| ≤ |x− y|α,

for some α > 1. Show that f must be a constant function.

3. Let fn : [a, b] → R be a sequence of integrable functions. Prove or disprove the
following statements:

(i) If fn → f pointwise, then ∫ b

a

fn(x)dx→
∫ b

a

f(x)dx.

(ii) If
∫ b
a
fn(x)dx→ 0, then fn → 0 uniformly on [a, b].

4. Suppose that {xn} satisfies

|xn − xn+1| <
1

(n+ 1)[ln(n+ 1)]2
.

Prove that {xn} is a Cauchy sequence.

5. Find all points in R where the function

f(x) =

{
sinx, x ∈ Q
0, otherwise

is differentiable. Justify your answer. Do the same for f 2.

6. Prove that a function f : A → N ⊂ R is uniformly continuous on A if and only
if for every pair of sequences xk and yk in A such that |xn − yn| → 0 we have
|f(xn)− f(yn)| → 0.

Six more questions on the back !!!



7. Prove that for a function f : [0, 1] → [0, 1], there exists a point x ∈ [0, 1] such that
f(x) = x.

8. Use the definition of uniform convergence of a sequence of functions to prove that

fn(x) =
1 + 2 cos2(nx)√

n
converges uniformly to 0 on R.

9. (a) State the ε-δ definition of the limit L of a function of one variable at a point
a.

(b) Find

lim
x→1

x− 1√
x− 1

.

Use your definition from (a) to prove your answer.

10. (a) Prove that if
∞∑
k=1

ak converges, then its partial sums sn are bounded.

(b) Show that the converse of part (a) is false. Namely, show that a series
∞∑
k=1

ak

may have bounded partial sums and still diverge.

11. Prove that the limit

lim
n→∞

∫ 7

2

n+ cosx

2n+ sin2 x
dx

exists and find its value.

12. Prove that

f(x) =


x3 − xy2

x2 + y2
(x, y) 6= (0, 0)

0 (x, y) = (0, 0)

has first order partial derivatives everywhere on R2. Is f differentiable at (0, 0)?
Justify your answer.



Mathematics Department Qualifying Exam Spring 2009

Subject : Analysis

Instructions : Solve 8 of the following 12 problems :

1. (a) State the ε-δ definition of uniform continuity of a function f : I → R.

(b) Consider the function f : (0, 1) → R where f(x) = x2 for all x ∈ (0, 1). Use the
definition you gave in (a) to prove that f is uniformly continuous over (0, 1).

2. Prove that the series
+∞
∑

k=1

sin(
√

k x)

k2 + x2
converges uniformly over R.

3. Let P, Q be non-empty bounded subsets of R such that for each x ∈ P there exists
y ∈ Q with x ≤ y.

(a) Show that sup(P ) ≤ sup(Q).

(b) Is inf(P ) ≤ inf(Q)? If true, prove the statement; if false, give a counterexample.

4. Evaluate lim
n→+∞

∫ 1

−2

e
x
2

n dx. Justify your answer!

5. Compute lim
(x,y)→(0,0)

x2y

x4 + y2
if it exists. If it does not exist, write DNE. Prove your

answer!

6. Consider the function f : R → R where

f(x) =

{

0 if x ∈ Q

x2 if x /∈ Q

(a) At which points in R is f continuous? Justify your answer!

(b) At which points in R is f differentiable? Justify your answer!

7. (a) State the Mean Value Theorem.

(b) Let f : R → R be differentiable over R such that f(0) = 1 and |f ′(x)| ≤ 1 for
all x ∈ R. Prove that |f(x)| ≤ |x| + 1 for all x ∈ R.

Five more questions on the back !!!



8. Let f : [0, 1] → R be continuous and positive on [0, 1] such that
∫ 1

0
f(x)dx = 0.

Prove that f(x) = 0 for all x ∈ [0, 1].

9. Put C =

{(

x

2
,
x + 1

2

)

: 0 < x < 1

}

. Show that C is an open cover of (0, 1) and

that C does not contain a finite subcover of (0, 1).

10. For all x, y > 0 we define d(x, y) =

∣

∣

∣

∣

1

x
− 1

y

∣

∣

∣

∣

. Is d a metric on (0, +∞)? Prove your

answer!

11. Let f and g be defined on [a, b] with g continuous, f ≥ 0, and f integrable. Show
that there exists a point x0 ∈ [a, b] such that

∫ b

a

f(x)g(x)dx = g(x0)

∫ b

a

f(x)dx.

12. Consider the sequence 〈an〉n≥1 defined by







a1 = 1

an+1 = 3 − 1

an

for all n ≥ 1

Prove that the sequence 〈an〉n≥1 converges.



Mathematics Department Qualifying Exam Fall 2008

Subject : Analysis

Instructions : Solve 8 of the following 12 problems :

1. Prove that there exists a sequence 〈nk〉k≥1 of distinct natural numbers such that the
sequence 〈sin(nk)〉k≥1 converges.

2. (a) State the ε-δ definition of continuity of a function f : D → R at the point
x = a.

(b) Use your definition from (a) to prove that the function
1√

2x + 1
is continuous

at x = 2.

3. (a) Prove that the series
∞

∑

n=1

n2008

1.001n
converges.

(b) Deduce that 1.001n > n2008 if n is large enough.

4. Let A, B be non-empty subsets of [0, +∞) and C = {ab | a ∈ A and b ∈ B}. Prove
that inf C = inf A · inf B.

5. Prove that ex <
1

1 − x
for all 0 < x < 1.

6. (a) State the Mean Value Theorem.

(b) Use the Mean Value Theorem to prove the following:

Let f : (a, b) → R be differentiable over (a, b). Suppose that f ′(x) = 0
for all x ∈ (a, b). Then f is constant on (a, b).

7. For n ≥ 1, put fn : [1, 2] → R : x → nx2 − 1

ex + nx3

(a) Prove that the sequence 〈fn〉n≥1 converges uniformly over [1, 2].

(b) Evaluate lim
n→+∞

∫ 2

1

fn(x) dx. justify your answer!

8. Consider the following function f : R2 → R : (x, y) →











y4

x2 + y2
if (x, y) 6= (0, 0)

0 if (x, y) = (0, 0)

Is f differentiable at (0, 0)? Prove your answer!

Four more questions on the back !!!



9. Prove that the equation x5 − x4 + x3 + 1 = 0 has exactly one real solution.

10. Prove that the series

+∞
∑

n=1

ex − xe

2n + x2
converges uniformly over [−5, 4].

11. Prove that the function f : R → R : x → 1

1 + |x| is uniformly continuous over R.

12. Let f : [a, b] → R be continuous and increasing on [a, b]. Prove that

∫ b

a

f(x) dx = f(a)(λ − a) + f(b)(b − λ)

for some λ ∈ [a, b].

Hint : Use the Mean Value Theorem for integrals to rewrite

∫ b

a

f(x) dx.



Mathematics Department Qualifying Exam Spring 2008
Subject : Analysis

Instructions : Solve 8 of the following 12 problems :

1. Prove the following :
ln(1 + x) ≥ x

x+ 1
for all x ≥ 0

2. (a) State the ε-δ definition of the limit of a function of one variable :

lim
x→a

f(x) = L ⇐⇒ · · ·

(b) Find lim
x→0

x2 + 2x
x2 − 2x

. Use your definition from (a) to prove your answer.

3. Consider the function

f : R→ R : x→
∫ 1+x2

x2
2t2 dt

Calculate f ′(x) for all x ∈ R.

4. Calculate lim
n→+∞

∫ 3

2

ex + (−1)nx

1 + nx2
dx. Justify your answer!

5. Let 〈an〉n≥1 be a sequence of real numbers such that the sequence
〈
an + 1
an − 1

〉
converges to 2008. Prove that the

sequence 〈an〉n≥1 converges and find its limit.

6. Consider the function f(x) =

 xe−1/x2
if x 6= 0

0 if x = 0

Prove that f is differentiable at x = 0. What is f ′(0)?

Six more questions on the back !!!

1



7. Prove that the series
+∞∑
n=1

√
n cos(nx)
x2 + n2

converges uniformly over R.

8. (a) State the ε-δ definition of uniform continuity of a function of one variable :

f is uniformly continuous over a set D ⇐⇒ · · ·

(b) Use your definition from (a) to prove that the function f(x) =
x− 1
x+ 1

is uniformly

continuous over [0,+∞).

9. Let X and Y be sets and f : X → Y a function. Recall that f(A) = {f(a) | a ∈ A} for all A ⊆ X. Prove that f is
one-to-one on X if and only if f(A ∩B) = f(A) ∩ f(B) for all A,B ⊆ X.

10. Let
+∞∑
n=0

an and
+∞∑
n=0

bn be series of positive real numbers such that the series
+∞∑
n=0

an converges. Suppose that

lim
n→+∞

bn
an

= 0. Prove that the series
+∞∑
n=0

bn converges.

11. Let ∅ 6= A,B ⊆ R such that A ∪B is bounded above.

(a) Prove that A and B are bounded above.

(b) Prove that sup(A ∪B) = max{supA, supB}.

12. Prove that
{(

1
k + 1

,
k

k + 1

)∣∣∣∣ k = 2, 3, 4, . . .
}

is an open covering of (0, 1) that has no finite subcover of (0, 1).

2



Mathematics Department Qualifying Exam Fall 2007
Subject : Analysis

Instructions : Solve 8 of the following 12 problems :

1. Prove that cos2 x ≥ 1− x2 for all x ∈ R.

2. Let f : R→ R be a function such that |f(x)− f(y)| ≤ 2|x− y|2 for all x, y ∈ R. Prove that f is constant.

hint : derivatives

3. Calculate lim
n→+∞

∫ 2

1

2 + nx3

3 + nx2
dx. Justify your answer!

4. Consider the following function f : R2 → R : (x, y)→


x3

x2 + y2
if (x, y) 6= (0, 0)

0 if (x, y) = (0, 0)
Is f differentiable at (0, 0)? Prove your answer!

5. (a) State the ε-δ definition of continuity of a function of one variable :

f(x) is continuous at x = a ⇐⇒ · · ·

(b) Use your definition from (a) to prove that the function f(x) =
x

x+ 1
is continuous at x = −2.

6. Let ∅ 6= S ⊆ R be bounded above. For λ ∈ R, we define λS = {λs | s ∈ S}. Prove that inf(−2S) = −2 supS.

7. Let 〈xn〉n≥0 be the sequence defined by{
xn+1 = n− xn for all n ≥ 0
x0 = 0

Prove that x2k = x2k+1 for all k ≥ 0.

Five more questions on the back !!!

3



8. Let f : [a, b]→ R be continuous on [a, b] and differentiable on (a, b). Suppose that f(a) = f(b) = 0. Prove that for
all λ ∈ R, there exists c ∈ (a, b) such that f ′(c) = λf(c).

hint : Use the Mean Value Theorem on a function of the form µ(x)f(x) where µ(x) is a well-chosen function.

9. Let 〈an〉n≥0 be a sequence of real numbers. Put bn = an − an+1 for all n ≥ 0.

(a) Prove that the series
+∞∑
n=0

bn converges if and only if the sequence 〈an〉n≥0 converges.

(b) If the series
+∞∑
n=0

bn converges, to what does it converge?

10. Prove that the series
+∞∑
n=1

n sin(nx)
xn + nex

converges uniformly over [π,+∞).

11. Let (X, d) be a metric space. Define D : X ×X → R : (x, y)→ d(x, y)
2d(x,y)

.

Is (X,D) a metric space? Prove your answer!

12. Let a < b < c and f : (a, c)→ R a function such that f is continuous at x = b and f is uniformly continuous on
(a, b) and on [b, c). Prove that f is uniformly continuous on (a, c).

4



Name : Spring 2007

Mathematics Department Qualifying Exam : Analysis 2/24/2007

Instructions : Solve 8 of the following problems :

1. Let n be a positive integer. Prove that

(1− x2)n ≥ 1− nx2 for all x ∈ [0, 1]

2. Let 〈xn〉n≥0 be a sequence of real numbers such that |xn+1−xn| ≤ 2−n for all n ∈ N. Prove that 〈xn〉n≥1 converges.

3. This exercise is about uniform continuity :

(a) State the definition of uniform continuity :

a function f is uniformly continuous on a set D ⊆ R if . . .

(b) Use this definition to prove that the function f(x) = x2 is uniformly continuous on (0, 1).

4. Consider the function

f : R2 7→ R : (x, y) 7→

{
xy√

x2+y2
if (x, y) 6= (0, 0)

0 if (x, y) = (0, 0)

(a) Calculate ∂f
∂x (0, 0) and ∂f

∂y (0, 0).

(b) Is f(x, y) differentiable at (0, 0)? Justify your answer!

5. Suppose that the series of real numbers
+∞∑
k=0

ak converges absolutely. Prove that the series
+∞∑
k=0

a4
k converges.

6. Let S ⊆ R be nonempty and bounded below. Put

L = {x ∈ R |x is a lower bound for S}

Prove that inf(S) = sup(L).

Six more questions on the back !!!

5



7. Consider the function fn : [1,+∞) 7→ R : x 7→ nx

nx2 + 1
for all n ≥ 1.

(a) Find lim
n 7→+∞

fn and prove that the sequence 〈fn〉n≥1 converges uniformly on [1,+∞).

(b) Evaluate lim
n 7→+∞

∫ 5

1

fn(x) dx. Justify your answer!

8. Prove that every Cauchy sequence of real numbers is bounded WITHOUT using the fact that a Cauchy sequence
of real numbers converges.

9. Prove that the series
+∞∑
k=1

x3 − cos(kx)
k2 + 3x2

converges uniformly on [−2, 1].

10. Let f : R 7→ R be continuous over R. Suppose that f(0) = 0. Prove that f is differentiable at x = 0 if and only if
there exists a function g : R 7→ R such that g is continuous over R and f(x) = x g(x) for all x ∈ R.

11. Suppose that f : [a, b] 7→ Q is continuous over [a, b]. Prove that f is constant over [a, b].

12. For n ≥ 1, put

an =
1 · 3 · 5 · · · (2n− 1)

2 · 4 · 6 · · · (2n)

Prove that the sequence 〈an〉n≥1 converges and that 0 ≤ lim
n 7→+∞

an ≤
1
2

.

6



Mathematics Department Qualifying Exam Fall 2006
Subject : Analysis

Instructions : Solve 8 of the following 12 problems :

1. Put f : R 7→ R : x 7→

 x+ 2x2 sin

(
1
x

)
if x 6= 0

0 if x = 0
Show that f ′(0) = 1.

2. (a) State the ε-δ definition of a limit of a function of two variables :

lim
(x,y)→(a,b)

f(x, y) = L ⇐⇒ · · ·

(b) What is lim
(x,y)→(0,0)

x2y

x2 + y2
? Prove your answer using the definition from (a).

3. Prove that the series
+∞∑
n=1

√
n sin(xn)
x4 + n2

converges uniformly over R.

4. Let f : R 7→ (0,+∞) be a function such that f(x+ y) = f(x)f(y) for all x, y ∈ R.

(a) Find f(0).

(b) Prove that f(x− y) =
f(x)
f(y)

for all x, y ∈ R.

(c) Prove that f is continuous at 0 if and only if f is continuous over R.

5. Let f : (a, b) 7→ R be twice differentiable over (a, b) and x1 < x2 < x3 points in (a, b) with f(x1) > f(x2) and
f(x3) > f(x2). Prove that there exists a point c ∈ (a, b) with f ′′(c) > 0.

6. Let f : [a, b] 7→ R be continuous and positive over [a, b]. Prove there exists a point c ∈ [a, b] with f(c) =
√
f(a)f(b).

7. For all n ≥ 1, let fn : [0, 1] 7→ R be continuous over [0, 1]. Suppose that the sequence 〈fn〉n≥1 converges uniformly
to some function f on [0, 1]. Prove the following :

∀ε > 0 : ∃N ∈ N,∃δ > 0 : ∀n ≥ N, ∀x, y ∈ [0, 1] : |x− y| < δ ⇒ |fn(x)− fn(y)| < ε

Five more questions on the back !!!

8.(a) For all n ≥ 1, put fn : [0, 1] 7→ R : x 7→
n cos(x)
n+ ex

. Prove that the sequence 〈fn〉n≥1 converges uniformly on [0, 1].

(b) Calculate lim
n→+∞

∫ 1

0

n cos(x)
n+ ex

dx. Justify your answer!

9. (a) State the definition of a Cauchy sequence.
(b) Suppose that 0 < a < 1 and 〈xn〉n≥1 is a sequence of real numbers with |xn+1−xn| < an for all n ≥ 1. Prove that
the sequence 〈xn〉n≥1 converges.

10. Let (M,d) be a metric space.

7



(a) Let A ⊆M . State the definition of an open set. So

A ⊆M is open ⇐⇒ · · ·

(b) Let a ∈M and r > 0. Prove that the set B(a, r) := {x ∈M | d(a, x) < r} is open.

11. Let A ⊆ R be compact and λ > 0. We define λA := {λx |x ∈ A}. Prove that λA is compact.

hint : use the characterization of compact sets that involves sequences

12. Let ∅ 6= S ⊆ R be bounded.

(a) Prove there exists a sequence 〈sn〉n≥1 in S that converges to supS.

(b) Is supS ∈ S?

8



Mathematics Department Qualifying Exam Spring 2006
Subject : Analysis

Instructions : Solve 8 of the following problems :

1. Prove that the series
+∞∑
n=1

n cos(nx)
ex + n3

converges uniformly over R.

2. (a) Let I be an interval, f : I 7→ R a function and c ∈ I. State the ε-δ definition :

f is continuous at c if and only if . . .

(b) Use the definition you gave in (a) to prove that f(x) =
x

x2 + 1
is continuous at x = 1.

3. Prove that the sequence
〈
n sin(n)
n+ 1

〉
n≥1

has a convergent subsequence.

4. Prove that 1 + 2x ln(x) ≤ x2 for all x ≥ 1.

5. (a) Calculate lim
x 7→0+

√
x ln(x).

(b) Prove that f(x) =
√
x ln(x) is uniformly continuous over (0, 1) (do not use the definition of uniform continuity).

6. Calculate lim
n 7→+∞

n

∫ 1
n

0

cos(x2) dx. Justify your answer!

hint : use the Mean Value Theorem for integrals

7. Let f : R 7→ R be differentiable over R. Prove that f is continuous over R.

8. For n ≥ 1, put

xn =
1

n+ 1
+

1
n+ 2

+ · · ·+ 1
2n− 1

+
1

2n

Prove that the sequence 〈xn〉n≥1 converges.
hint : prove that the sequence 〈xn〉n≥1 is increasing and bounded above

9. Let (M,d) be a metric space. We define d2 : M ×M 7→ R : (x, y) 7→ (d(x, y))2. Is (M,d2) a metric space? Prove
your answer!

10. Prove that f(x) =
x

x+ 1
is uniformly continuous over [0,+∞) using the definition of uniform continuity.

Two more questions on the back !!!
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11. Let A = Q ∩ [0, 1]. Is A compact? Prove your answer!
hint : use the characterization of compact sets that involves sequences!

12. Calculate lim
n 7→+∞

∫ 1

0

nx

n+ x3
dx. Justify your answer!
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Mathematics Department Qualifying Exam Fall 2005
Subject : Analysis

Instructions : Solve 8 of the following 12 problems :

1. Let X and Y be sets and f : X 7→ Y a function. Recall that f(A) = {f(a) | a ∈ A} for all A ⊆ X. Prove that f is
one-to-one on X if and only if f(A \B) = f(A) \ f(B) for all A,B ⊆ X.

2. Prove that cos(x) ≥ 1− x2

2
for all x ≥ 0.

3. (a) Let 〈an〉n≥1 be a sequence in the k-dimensional Euclidean space Rk and a ∈ Rk. State the ε-N -definition :
〈an〉n≥1 converges to a if . . .
(b) Let 〈an〉n≥1 (respectively 〈bn〉n≥1) be a sequence in Rk that converges to a ∈ Rk (respectively b ∈ Rk). To which
element of Rk does the sequence 〈2an − 3bn〉n≥1 converge? Prove your answer using the definition you stated in (a).

4. Let f : R 7→ R be a function such that f(x + y) = f(x) + f(y) for all x, y ∈ R. Suppose that f is continuous at
x = 0. Prove that f is continuous over R.

5. Let f : (a, b) 7→ R be differentiable over (a, b) such that f ′ is bounded on (a, b). Prove that f is uniformly
continuous over (a, b).

6. Let f : [1, 2] 7→ [0, 4] be a continuous function such that f(1) = 0 and f(2) = 3. Prove that there exists c ∈ [1, 2]
such that f(c) = c.

7. Evaluate lim
n 7→+∞

∫ 1

0

x

x2 + nex
dx. Justify your answer!

8. Prove that the series
+∞∑
n=1

1
n
e−nx converges uniformly over [1,+∞) to some function f . Find a closed form for

f ′(x).

9. Let (M,d) be a metric space. For x, y ∈M we define e(x, y) = min{1, d(x, y)}. Prove that (M, e) is a metric space.

10. Let 〈an〉n≥1 be a sequence of real numbers that converges to α ∈ R. Suppose that β ∈ R such that an ≤ β for all
n sufficiently large. Prove that α ≤ β WITHOUT using the Pinching Theorem.

11. Let a0, a1, . . . , an−1, an ∈ R such that
an

n+ 1
+
an−1

n
+ · · ·+ a1

2
+ a0 = 0. Put P (x) = anx

n + an−1x
n−1 + · · · +

a1x+ a0. Use the Mean Value Theorem (or Rolle’s Theorem) to prove that P (a) = 0 for some a ∈ (0, 1).

12. Let A,B ⊆ R be compact such that A ∩ B = ∅. Prove that there exists δ > 0 such that |a− b| ≥ δ for all a ∈ A
and all b ∈ B.
hint : put δ = inf{|a− b| | a ∈ A, b ∈ B}; for all n ≥ 1, find an ∈ A and bn ∈ B such that 〈|an− bn|〉n≥1 converges to δ

11



Mathematics Department Qualifying Exam Spring 2005
Subject : Analysis

Instructions : Solve 8 of the following problems :

1. Let f : R 7→ R be an even and monotonic function. Prove that f is constant over R.

2. Prove the ”Ratio Test” :

Let
+∞∑
n=0

an be a series of real numbers such that the limit L := lim
n 7→+∞

∣∣∣∣an+1

an

∣∣∣∣ exists. Then

(i) the series
+∞∑
n=0

an converges absolutely if L < 1.

(ii) the series
+∞∑
n=0

an diverges if L > 1.

3. Define the function f : R 7→ R : x 7→

 1 if x =
1
n

for some n ∈ N

0 otherwise

(a) Show that f is not continuous at x = 0.

(b) Can you alter the definition of f(0) to make f continuous at x = 0? Justify your answer!

4. Give an ε-δ proof of the fact that the real function f(x) =
1
x

is continuous at x = 2.

5. (a) Let f : [a, b] 7→ R be bounded. Define what it means for f to be Riemman integrable over [a, b] using the
notions of upper and lower sums.

(b) Use your definition of part (a) to show that the function f : R 7→ R : x 7→
{

1 if x ≥ 0
0 if x < 0 is Riemann integrable

over any closed and bounded interval [a, b].

6. Let A ⊆ R and for all n ≥ 1, let fn : A 7→ R be a function that is uniformly continuous on A. Suppose that the
sequence < fn >n≥1 converges uniformly to f on A. Prove that f is uniformly continuous on A.

7. Prove that ex > 7(x− 1) for all x ≥ 2.

Five more questions on the back !!!
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8. Let f : [a, b] 7→ R be continuous on [a, b] and differentiable on (a, b). Suppose f(a) = f(b) = 0 and that there exists
c ∈ (a, b) such that f(c) > 0. Prove there exist x1, x2 ∈ (a, b) such that f ′(x1) < 0 < f ′(x2).

9. Let E ⊆ R and f, g, fn, gn : E 7→ R be functions for all n ≥ 1 such that < fn >n≥1 converges uniformly to f on E
and < gn >n≥1 converges uniformly to g on E. Suppose that f and g are bounded on E. Prove that < fngn >n≥1

converges uniformly to fg on E.

10. Evaluate lim
n 7→+∞

∫ 1

0

cos
(
x2

n

)
dx.

hint : Prove that cos
(

1
n

)
≤ cos

(
x2

n

)
≤ 1 for all x ∈ [0, 1]. Use this to prove that the sequence

〈
cos
(
x2

n

)〉
n≥1

converges uniformly to 1 on [0, 1].

11. Let f : [0, 1] 7→ R be continuous. Prove that lim
n 7→+∞

∫ 1

0

xnf(x) dx = 0.

12. Let f : R 7→ R be continuous. Define g : R 7→ R : x 7→
∫ x3

x2
f(t+ x) dt. Calculate g ′.

13



Mathematics Department Qualifying Exam Fall 2004
Subject : Analysis

Instructions : Solve 8 of the following problems :

1. Consider the sequence
{
a1 = 1
an+1 =

√
2an + 3 if n ≥ 1

(a) Use induction on n to prove that 0 ≤ an ≤ 3 for all n ≥ 1.

(b) Prove that < an >n≥1 is an increasing sequence.

(c) Deduce that < an >n≥1 converges. Find lim
n 7→+∞

an.

2. Prove that 3
√

2 is irrational.

3. Prove or give a counterexample : If < Fn >n≥1 is a sequence of closed subsets of R, then
+∞⋃
n=1

Fn is closed.

4. Define g : R 7→ R : g(x) =
{

0 if x is irrational
x if x is rational

Find (with proof) all the points at which g is continuous.

5. Let X,Y ⊂ R and f : X 7→ Y a function. For B ⊆ Y , we define f−1[B] = {x ∈ X | f(x) ∈ B}.

Let I be an index set and Bi ⊆ Y for all i ∈ I. Prove that f−1

[⋂
i∈I

Bi

]
=
⋂
i∈I

f−1[Bi].

6. (a) State the Mean Value Theorem.
(b) Use the Mean Value Theorem to prove the following :

Let f : (a, b) 7→ R be differentiable over (a, b). Suppose that f ′(x) = 0 for all x ∈ (a, b). Then f is constant
over (a, b).

7. If A,B ⊆ R, we define A+B = {a+ b | a ∈ A, b ∈ B}. Prove that A+B is compact if A and B are compact.
hint : use the characterization of compact sets that involves sequences!

8. Let f : D 7→ R be uniformly continuous over D and < dn >n≥1 a Cauchy sequence with dn ∈ D for all n ≥ 1.
Prove that f(D) =< f(dn) >n≥1 is a Cauchy sequence.

Four more questions on the back !!!
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9. For n ≥ 1, we define fn : [0, 1] 7→ R : x 7→ x2 − x
n2

(a) Find the function f : [0, 1] 7→ R such that < fn >n≥1 converges pointwise to f .

(b) Is this convergence uniform? Prove your answer!

10. Consider the series
+∞∑
n=1

x

n2 + x2
. Prove that this series converges uniformly on [0, 1].

11. Let f : [a, b] 7→ R be continuous over [0, 1]. Suppose that f(x) ≥ 0 for all x ∈ [0, 1]. Prove that[∫ 1

0

f(x) dx
]2
≤
∫ 1

0

f2(x) dx

hint : For n ≥ 1, put Pn =
{

0,
1
n
,

2
n
, . . . ,

n− 1
n

, 1
}

. Compare a Riemann sum with partition Pn for f to a Riemann

sum with partition Pn for f2.

12. Let f, g : [0, 1] 7→ R be continuous over [0, 1] such that f(0) ≤ g(0) and f(1) ≥ g(1). Prove that there exists
c ∈ [0, 1] such that f(c) = g(c).
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Mathematics Department Qualifying Exam Fall 2007
Subject : Analysis Solutions

1. Prove that cos2 x ≥ 1− x2 for all x ∈ R.

Proof : Put f(x) = cos2 x+x2. We need to prove that f(x) ≥ 1 for all x ∈ R. Since f is even (namely f(x) = f(−x)
for all x ∈ R), it’s enough to show that

f(x) ≥ 1 for all x ≥ 0

We easily get that

f ′(x) = −2 cosx sinx+ 2x and f ′′(x) = 2 sin2 x− 2 cos2 x+ 2 = 4 sin2 x

Hence
f ′′(x) ≥ 0 for all x ≥ 0

So f ′ is increasing on [0,+∞). Hence
f ′(x) ≥ f ′(0) = 0 for all x ≥ 0

So f is increasing on [0,+∞). Hence

f(x) ≥ f(0) = 1 for all x ≥ 0 �

2. Let f : R→ R be a function such that |f(x)− f(y)| ≤ 2|x− y|2 for all x, y ∈ R. Prove that f is constant.

Proof : Pick a ∈ R. Then
|f(x)− f(a)| ≤ 2|x− a|2 for all x ∈ R

Hence

0 ≤
∣∣∣∣f(x)− f(a)

x− a

∣∣∣∣ ≤ 2|x− a| for all x 6= a

Since lim
x→a

0 = lim
x→a
|x− a| = 0, it follows from the Pinching Theorem that

lim
x→a

∣∣∣∣f(x)− f(a)
x− a

∣∣∣∣ = 0

Hence

lim
x→a

f(x)− f(a)
x− a

= 0

So f is differentiable at a and f ′(a) = 0. Since a was arbitrary, we get that f is differentiable over R and f ′(x) = 0
for all x ∈ R. Hence f is constant. �

3. Calculate lim
n→+∞

∫ 2

1

2 + nx3

3 + nx2
dx. Justify your answer!

Proof : Put fn : [1, 2]→ R : x→ 2 + nx3

3 + nx2
for all n ∈ N and f : [1, 2]→ R : x→ x. We prove that 〈fn〉n≥1 converges

uniformly to f on [0, 1]. So we need to prove

∀ε > 0 : ∃N ∈ N : ∀n ≥ N, ∀x ∈ [1, 2] : |fn(x)− f(x)| < ε

Pick ε > 0. Let N ∈ N with N >
8
ε

. Pick n ≥ N and x ∈ [1, 2]. Note that |2 − 3x| ≤ 2 + 3|x| ≤ 8 and

|3 + nx2| = 3 + nx2 ≥ n. Hence

|fn(x)− f(x)| =
∣∣∣∣2 + nx3

3 + nx2
− x
∣∣∣∣ =

∣∣∣∣ 2− 3x
3 + nx2

∣∣∣∣ ≤ 2 + 3|x|
3 + nx2

≤ 8
n
≤ 8
N

< ε

1



Since 〈fn〉n≥1 converges uniformly to f on [1, 2] and fn is continuous (and hence Riemann Integrable) on [1, 2], we
have that

lim
n→∞

∫ 2

1

fn(x) dx =
∫ 2

1

lim
n→∞

fn(x) dx =
∫ 2

1

f(x) dx

Hence

lim
n→+∞

∫ 2

1

2 + nx3

3 + nx2
dx =

∫ 2

1

x dx =
[

1
2
x2

]2
1

=
3
2

�

4. Consider the following function f : R2 → R : (x, y)→


x3

x2 + y2
if (x, y) 6= (0, 0)

0 if (x, y) = (0, 0)
Is f differentiable at (0, 0)? Prove your answer!

Proof : Using the definition of partial derivatives, we get

∂f

∂x
(0, 0) = lim

h→0

f(0 + h, 0)− f(0, 0)
h

= lim
h→0

h3

h2+02 − 0
h

= · · · = 1

∂f

∂y
(0, 0) = lim

h→0

f(0, 0 + h)− f(0, 0)
h

= lim
h→0

03

02+h2 − 0
h

= · · · = 0

Next, we need to check if

lim
(x,y)→(0,0)

f((0, 0) + (x, y))− f(0, 0)− 〈1, 0〉 · 〈x, y〉
‖(x, y)‖

= 0

We easily get that for all (x, y) 6= (0, 0)

f((0, 0) + (x, y))− f(0, 0)− 〈1, 0〉 · 〈x, y〉
‖(x, y)‖

=
x3

x2+y2 − x√
x2 + y2

= − xy2

(x2 + y2)
3
2

Let k > 0 and consider the half-line y = kx where x > 0.
Then

lim
x→0+

− x(kx)2

(x2 + (kx)2)
3
2

= lim
x→0+

− k2x3

((1 + k2)x2)
3
2

= − k2

(1 + k2)
3
2

Since this limit clearly depends on k, we get that f is NOT differentiable at (0, 0). �

5. (a) State the ε-δ definition of continuity of a function of one variable :

f(x) is continuous at x = a ⇐⇒ · · ·

(b) Use your definition from (a) to prove that the function f(x) =
x

x+ 1
is continuous at x = −2.

Proof : (a) f(x) is continuous at x = a iff

∀ε > 0 : ∃δ > 0 : ∀x ∈ D : |x− a| < δ =⇒ |f(x)− f(a)| < ε

(b) Note that the domain of f is R \ {2} and f(−2) = 2. So we need to prove

∀ε > 0 : ∃δ > 0 : ∀x ∈ R \ {2} : |x+ 2| < δ =⇒
∣∣∣∣ x

x+ 1
− 2
∣∣∣∣ < ε

2



Pick ε > 0. Let δ = min
{

1
2
,
ε

2

}
. Pick x ∈ R\{2} with |x+2| < δ. In particular, |x+ 2| < 1

2
. Hence −1

2
< x+ 2 <

1
2

.

So −3
2
< x+ 1 < −1

2
and |x+ 1| > 1

2
. Hence∣∣∣∣ x

x+ 1
− 2
∣∣∣∣ =

∣∣∣∣−x− 2
x+ 1

∣∣∣∣ =
|x+ 2|
|x+ 1|

<
δ
1
2

= 2δ ≤ ε �

6. Let ∅ 6= S ⊆ R be bounded above. For λ ∈ R, we define λS = {λs | s ∈ S}. Prove that inf(−2S) = −2 supS.

Proof : Put α = supS.
Pick x ∈ −2S. Then x = −2s for some s ∈ S. Since α is an upper bound for S, we have that s ≤ α. Hence
x = −2s ≥ −2α. Since x was arbitrary, we have that −2α is a lower bound for −2S.
Suppose that β is a lower bound for −2S. Pick s ∈ S. Then −2s ∈ −2S and so β ≤ −2s since β is a lower bound for

−2S. Hence s ≤ −1
2
β. Since s was arbitrary, we get that −1

2
β is an upper bound for S. But α is the smallest upper

bound for S. Hence α ≤ −1
2
β and so −2α ≥ β.

Hence −2α is the greatest lower bound for −2S. So −2 supS = −2α = inf(−2S). �

7. Let 〈xn〉n≥0 be the sequence defined by{
xn+1 = n− xn for all n ≥ 0
x0 = 0

Prove that x2k = x2k+1 for all k ≥ 0.

Proof : We prove this by induction on k.
Note that x1 = 0− x0 = 0− 0 = 0 = x0 which proves the case ‘k = 0’.
So assume that x2k = x2k+1 for k = 0, 1, . . . , n− 1 for some n ≥ 1. In particular, x2n−2 = x2n−1. Then

x2n = (2n− 1)− x2n−1 = (2n− 1)− [(2n− 2)− x2n−2] = 1 + x2n−2

and
x2n+1 = (2n)− x2n = 2n− [(2n− 1)− x2n−1] = 1 + x2n−1

Since x2n−2 = x2n−1, we get that x2n = x2n+1, proving the case ‘k = n’. �

8. Let f : [a, b]→ R be continuous on [a, b] and differentiable on (a, b). Suppose that f(a) = f(b) = 0. Prove that for
all λ ∈ R, there exists c ∈ (a, b) such that f ′(c) = λf(c).

Proof : Let λ ∈ R. Put g : [a, b] → R : x → e−λxf(x). Then g is continuous on [a, b], differentiable on (a, b) and
g(a) = g(b) = 0. Hence it follows from the Mean Value Theorem that

g(b)− g(a)
b− a

= g′(c) for some c ∈ (a, b)

So g′(c) = 0. We easily get that g′(x) = −λe−λxf(x) + e−λxf ′(x) = e−λx(−λf(x) + f ′(x)). Since e−λx 6= 0 for all
x ∈ R, we have that −λf(c) + f ′(c) = 0. So f ′(c) = λf(c). �

9. Let 〈an〉n≥0 be a sequence of real numbers. Put bn = an − an+1 for all n ≥ 0.

(a) Prove that the series
+∞∑
n=0

bn converges if and only if the sequence 〈an〉n≥0 converges.
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(b) If the series
+∞∑
n=0

bn converges, to what does it converge?

Proof : Put sn =
n∑
k=0

bk for all n ∈ N. We easily get that

sn =
n∑
k=0

bk =
n∑
k=0

(ak − ak+1) = (a0 − a1) + (a1 − a2) + · · ·+ (an − an+1) = a0 − an+1

By definition, we have that

+∞∑
n=0

bn converges ⇐⇒ 〈sn〉n≥0 converges ⇐⇒ 〈a0 − an+1〉n≥0 converges

Since a0 is a constant, it follows that

〈a0 − an+1〉n≥0 converges ⇐⇒ 〈an+1〉n≥0 converges ⇐⇒ 〈an〉n≥0 converges

Suppose that
+∞∑
n=0

bn (and hence also 〈an〉n≥0) converges. Then

+∞∑
n=0

bn = lim
n→+∞

sn = lim
n→+∞

(a0 − an+1) = a0 − lim
n→+∞

an+1 = a0 − lim
n→+∞

an �

10. Prove that the series
+∞∑
n=1

n sin(nx)
xn + nex

converges uniformly over [π,+∞).

Proof : Pick n ≥ 1. Then for all x ∈ [π,+∞), we have that

|n sin(nx)| = n| sin(nx)| ≤ n and |xn + nex| = xn + nex ≥ xn ≥ πn

Hence ∣∣∣∣n sin(nx)
xn + nex

∣∣∣∣ ≤ n

πn
:= Mn for all x ≥ π

Next, we use the Ratio Test to prove that the series
+∞∑
n=1

n

πn
converges. We easily get that

lim
n→+∞

∣∣∣∣Mn+1

Mn

∣∣∣∣ = lim
n→+∞

n+1
πn+1

n
πn

= lim
n→+∞

n+ 1
nπ

=
1
π

Since lim
n→+∞

∣∣∣∣Mn+1

Mn

∣∣∣∣ < 1, we get that the series
+∞∑
n=1

n

πn
converges. Hence it follows from the Weierstrass M -test that

the series
+∞∑
n=1

n sin(nx)
xn + nex

converges uniformly over [π,+∞). �

11. Let (X, d) be a metric space. Define D : X ×X → R : (x, y)→ d(x, y)
2d(x,y)

.

Is (X,D) a metric space? Prove your answer!
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Proof : NO : the Triangle Inequality fails. Consider the regular distance on R. Put x = 0, y = 1 and z = 5. Then

d(x, y) = |0− 1| = 1 , d(x, z) = |0− 5| = 5 and d(y, z) = |1− 5| = 4

Hence
D(x, y) =

1
2
, D(x, z) =

5
25

=
5
32

and D(y, z) =
4
24

=
1
4

But

D(x, y) =
1
2
6≤ 13

32
=

5
32

+
1
4

= D(x, z) +D(z, y) �

12. Let a < b < c and f : (a, c)→ R a function such that f is continuous at x = b and f is uniformly continuous on
(a, b) and on [b, c). Prove that f is uniformly continuous on (a, c).

Proof : Since f is uniformly continuous on (a, b) ,we have that lim
x→a+

f(x) exists. Since f is uniformly continuous on

[b, c) ,we have that lim
x→c−

f(x) exists. Since f is continuous on (a, b), on [b, c) and at x = b, we have that f is continuous

on (a, c). Since lim
x→a+

f(x) and lim
x→c−

f(x) exist, it follows that f is uniformly continuous on (a, c). �
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Mathematics Department Qualifying Exam Spring 2007
Subject : Analysis Solutions

1. Let n be a positive integer. Prove that

(1− x2)n ≥ 1− nx2 for all x ∈ [0, 1]

Proof : Put f : [0, 1]→ R : x→ (1− x2)n + nx2. We need to show that

f(x) ≥ 1 for all x ∈ [0, 1]

We easily get that

f ′(x) = n(1− x2)n−1(−2x) + 2nx = 2nx
(
1− (1− x2)n−1

)
for all x ∈ [0, 1]

For all x ∈ [0, 1], we have that 0 ≤ x2 ≤ 1 and so 0 ≤ 1− x2 ≤ 1; hence 0 ≤ (1− x2)n−1 ≤ 1 and 0 ≤ 1− (1− x2)n−1.
It follows that

f ′(x) ≥ 0 for all x ∈ [0, 1]

Hence f is increasing on [0, 1]. So

f(x) ≥ f(0) = 1 for all x ∈ [0, 1] �

2. Let 〈xn〉n≥0 be a sequence of real numbers such that |xn+1−xn| ≤ 2−n for all n ∈ N. Prove that 〈xn〉n≥1 converges.

Proof : We will prove that the sequence 〈xn〉n≥0 is a Cauchy sequence. So we need to show :

∀ε > 0 : ∃N ∈ N : ∀m,n ≥ N : |xm − xn| < ε

Pick ε > 0. Let N ∈ N with N > 1 − log2(ε). Then 2N−1 > 2− log2(ε) =
1
ε

and so
1

2N−1
< ε. Pick m,n ∈ N with

m,n ≥ N . If m = n then |xm − xn| = 0 < ε. So we may assume that m > n. Then

|xm − xn| = |(xm − xm−1) + (xm−1 − xm−2) + · · ·+ (xn+1 − xn)|

≤ |xm − xm−1|+ |xm−1 − xm−2|+ · · ·+ |xn+1 − xn|

≤ 2−(m−1) + 2−(m−2) + · · ·+ 2−n

≤ 1
2n

+
1

2n+1
+

1
2n+2

+ · · ·

=
1

2n−1

≤ 1
2N−1

< ε

So the sequence 〈xn〉n≥0 is a Cauchy sequence and hence converges. �

3. This exercise is about uniform continuity :

(a) State the definition of uniform continuity :

a function f is uniformly continuous on a set D ⊆ R if . . .

6



(b) Use this definition to prove that the function f(x) = x2 is uniformly continuous on (0, 1).

Proof : (a) f is uniformly continuous on a set D ⊆ R if and only if

∀ε > 0 : ∃δ > 0 : ∀x, y ∈ D : |x− y| < δ =⇒ |f(x)− f(y)| < ε

(b) We need to prove :
∀ε > 0 : ∃δ > 0 : ∀x, y ∈ (0, 1) : |x− y| < δ =⇒ |x2 − y2| < ε

Pick ε > 0. Let δ =
ε

2
. Pick x, y ∈ (0, 1) with |x− y| < δ. Then

|x2 − y2| = |(x+ y)(x− y)| ≤ (|x|+ |y|)|x− y| < (1 + 1)δ = 2δ = ε �

4. Consider the function

f : R2 → R : (x, y)→

{
xy√
x2+y2

if (x, y) 6= (0, 0)

0 if (x, y) = (0, 0)

(a) Calculate ∂f
∂x (0, 0) and ∂f

∂y (0, 0).

(b) Is f(x, y) differentiable at (0, 0)? Justify your answer!

Proof : (a) Using the definition of partial derivatives, we get

∂f

∂x
(0, 0) = lim

h→0

f(0 + h, 0)− f(0, 0)
h

= lim
h→0

h·0√
h2+02 − 0

h
= · · · = 0

∂f

∂y
(0, 0) = lim

h→0

f(0, 0 + h)− f(0, 0)
h

= lim
h→0

0·h√
02+h2 − 0

h
= · · · = 0

Next, we need to check if

lim
(x,y)→(0,0)

f((0, 0) + (x, y))− f(0, 0)− 〈0, 0〉 · 〈x, y〉
‖(x, y)‖

= 0

We easily get that for all (x, y) 6= (0, 0)

f((0, 0) + (x, y))− f(0, 0)− 〈0, 0〉 · 〈x, y〉
‖(x, y)‖

=

xy√
x2+y2

− 0√
x2 + y2

=
xy

x2 + y2

Let k ∈ R and consider the line y = kx.
Then

lim
x→0

x(kx)
x2 + (kx)2

= lim
x→0

kx2

(1 + k2)x2
=

k

1 + k2

Since this limit clearly depends on k, we get that f is NOT differentiable at (0, 0). �

5. Suppose that the series of real numbers
+∞∑
k=0

ak converges absolutely. Prove that the series
+∞∑
k=0

a4
k converges.

Proof : Since the series
+∞∑
k=0

ak converges, it follows from the Zero-Test that the sequence 〈ak〉k≥0 converges to zero.

In particular, we have :
∃N ∈ N : ∀k ≥ N : |ak − 0| < 1

7



Since |ak| < 1 for all k ≥ N , it follows that

a4
k = |ak|4 ≤ |ak| for all k ≥ N

Since the series
+∞∑
k=0

ak converges absolutely, we have that the series
+∞∑
k=0

|ak| converges. Since a4
k ≤ |ak| for all k ≥ N ,

we get that the series
+∞∑
k=0

a4
k converges by the Comparison test. �

6. Let S ⊆ R be nonempty and bounded below. Put

L = {x ∈ R |x is a lower bound for S}

Prove that inf(S) = sup(L).

Proof : Put α = inf(S) and β = sup(L). Since α is a lower bound for S, we have that α ∈ L. But β is an upper
bound for L. So α ≤ β.
Suppose that α < β. Since β is the smallest upper bound for L and α < β, we have that α is not an upper bound for
L. Hence α < γ for some γ ∈ L. Since γ ∈ L, we have that γ is a lower bound for S. But α < γ, a contradiction since
α is the largest lower bound for S.
Hence α = β or inf(S) = sup(L). �

7. Consider the function fn : [1,+∞)→ R : x→ nx

nx2 + 1
for all n ≥ 1.

(a) Find lim
n→+∞

fn and prove that the sequence 〈fn〉n≥1 converges uniformly on [1,+∞).

(b) Evaluate lim
n→+∞

∫ 5

1

fn(x) dx. Justify your answer!

Proof : (a) Put f : [1,+∞)→ R : x→ 1
x

. We prove that the sequence 〈fn〉n≥1 converges uniformly to f on [1,+∞).
So we need to show :

∀ε > 0 : ∃N ∈ N : ∀n ≥ N, ∀x ∈ [1,+∞) : |fn(x)− f(x)| < ε

Pick ε > 0. Let N ∈ N with N >
1
ε

. Pick n ≥ N and x ∈ [1,+∞). Then x(nx2 + 1) ≥ 1 · (n+ 1) = n+ 1 > n. Hence

|fn(x)− f(x)| =
∣∣∣∣ nx

nx2 + 1
− 1
x

∣∣∣∣ =
∣∣∣∣ −1
x(nx2 + 1)

∣∣∣∣ =
1

x(nx2 + 1)
<

1
n
≤ 1
N

< ε

(b) Since the sequence 〈fn〉n≥1 converges uniformly to f on [1,+∞) (and hence also on [1, 5]) and fn is continuous
(and hence Riemann integrable) on [1, 5], we have that

lim
n→+∞

∫ 5

1

fn(x) dx =
∫ 5

1

lim
n→+∞

fn(x) dx =
∫ 5

1

f(x) dx

Hence

lim
n→+∞

∫ 5

1

nx

nx2 + 1
dx =

∫ 5

−1

1
x
dx = [ln(x)]51 = ln(5) �
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8. Prove that every Cauchy sequence of real numbers is bounded WITHOUT using the fact that a Cauchy sequence
of real numbers converges.

Proof : Let 〈xn〉n≥1 be a Cauchy sequence. So we know

∀ε > 0 : ∃N ∈ N : ∀m,n ≥ N : |xm − xn| < ε

In particular, we get
∃N ∈ N : ∀m,n ≥ N : |xm − xn| < 1

Pick n ≥ N . Then |xn − xN | < 1. So −1 < xn − xN < 1. Hence

−1− |xN | ≤ −1 + xN < xn < 1 + xN ≤ 1 + |xN |

So
|xn| < 1 + |xN | for all n ≥ N

Put M = max{|x1|, |x2|, . . . , |xN−1|, 1 + |xN |}. Then clearly |xn| ≤ M for all n ≥ 1. So the sequence 〈xn〉n≥1 is
bounded (by M). �

9. Prove that the series
+∞∑
k=1

x3 − cos(kx)
k2 + 3x2

converges uniformly on [−2, 1].

Proof : Pick k ≥ 1. Then for all x ∈ [−2, 1], we have that

|x3 − cos(kx)| ≤ |x3|+ | cos(kx)| ≤ 8 + 1 = 9

and
|k2 + 3x2| = k2 + 3x2 ≥ k2

Hence ∣∣∣∣x3 − cos(kx)
k2 + 3x2

∣∣∣∣ ≤ 9
k2

for all x ∈ [−2, 1]

Since the series
+∞∑
k=1

9
k2

converges (it’s a p-series with p = 2), it follows from the Weierstrass M -test that the series

+∞∑
k=1

x3 − cos(kx)
k2 + 3x2

converges uniformly on [−2, 1]. �

10. Let f : R→ R be continuous over R. Suppose that f(0) = 0. Prove that f is differentiable at x = 0 if and only if
there exists a function g : R→ R such that g is continuous over R and f(x) = x g(x) for all x ∈ R.

Proof : By definition of differentiability, we have that f is differentiable at x = 0 if and only if lim
x→0

f(x)− f(0)
x− 0

exists. Since f(0) = 0, we have

f is differentiable at x = 0 ⇐⇒ lim
x→0

f(x)
x

exists.

Suppose first that there exists a function g : R→ R such that g is continuous over R and f(x) = x g(x) for all x ∈ R.
Then

f(x)
x

= g(x) for all x 6= 0

Hence

lim
x→0

f(x)
x

= lim
x→0

g(x) = g(0)

9



since g is continuous at x = 0. Hence lim
x→0

f(x)
x

exists. So f is differentiable at x = 0.

Suppose next that f is differentiable at x = 0. Then lim
x→0

f(x)
x

exists. Consider the function

g : R→ R : x→


f(x)
x

if x 6= 0

lim
x→0

f(x)
x

if x = 0

Since f is continuous on R, it follows that g is continuous on R \ {0}. Also,

lim
x→0

g(x) = lim
x→0

f(x)
x

= g(0)

So g is also continuous at x = 0. Hence g is continuous on R. Since f(0) = 0 = 0 · g(0), we get that f(x) = x g(x) for
all x ∈ R. �

11. Suppose that f : [a, b]→ Q is continuous over [a, b]. Prove that f is constant over [a, b].

Proof : Suppose that f is not constant on [a, b]. Then there exist a ≤ c < d ≤ b with f(c) 6= f(d). Let r be an
irrational number between f(c) and f(d). By the Intermediate Value Theorem, there exists x ∈ [c, d] with f(x) = r,
a contradiction since f([a, b]) ⊆ Q.
Hence f is constant on [a, b]. �

12. For n ≥ 1, put

an =
1 · 3 · 5 · · · (2n− 1)

2 · 4 · 6 · · · (2n)

Prove that the sequence 〈an〉n≥1 converges and that 0 ≤ lim
n→+∞

an ≤
1
2

.

Proof : We easily see that an > 0 for all n ≥ 1.
For n ≥ 1, we get that

an+1 =
1 · 3 · 5 · · · (2(n+ 1)− 1)

2 · 4 · 6 · · · (2(n+ 1))
=

1 · 3 · 5 · · · (2n− 1)
2 · 4 · 6 · · · (2n)

· 2n+ 1
2n+ 2

= an ·
2n+ 1
2n+ 2

< an

So the sequence 〈an〉n≥1 is a decreasing seqeuence that is bounded below (by 0). Hence the sequence 〈an〉n≥1 converges.

Since the sequence 〈an〉n≥1 is decreasing and a1 =
1
2

, we get that

0 ≤ an ≤
1
2

for all n ≥ 1

Considering the limit as n→ +∞, we find

0 ≤ lim
n→+∞

an ≤
1
2

�
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Mathematics Department Qualifying Exam Fall 2006
Subject : Analysis Solutions

1. Put f : R→ R : x→
{
x+ 2x2 sin

(
1
x

)
if x 6= 0

0 if x = 0
Show that f ′(0) = 1.

Proof : Using the definition of differentiability, we get

f ′(0) = lim
x→0

f(x)− f(0)
x− 0

= lim
x→0

x+ 2x2 sin
(

1
x

)
− 0

x− 0
= lim
x→0

(
1 + 2x sin

(
1
x

))
= 1 + lim

x→0
2x sin

(
1
x

)
Since 0 ≤ | sin(t)| ≤ 1 for all t ∈ R, we have that

0 ≤
∣∣∣∣2x sin

(
1
x

)∣∣∣∣ = 2|x|
∣∣∣∣sin( 1

x

)∣∣∣∣ ≤ 2|x| for all x 6= 0

Since lim
x→0

0 = lim
x→0

2|x| = 0, it follows from the Pinching Theorem that

lim
x→0

∣∣∣∣2x sin
(

1
x

)∣∣∣∣ = 0

Hence

lim
x→0

2x sin
(

1
x

)
= 0

So f ′(0) = 1 + 0 = 1. �

2. (a) State the ε-δ definition of a limit of a function of two variables :

lim
(x,y)→(a,b)

f(x, y) = L ⇐⇒ · · ·

(b) What is lim
(x,y)→(0,0)

x2y

x2 + y2
? Prove your answer using the definition from (a).

Proof : (a) lim
(x,y)→(a,b)

f(x, y) = L ⇐⇒ ∀ε > 0 : ∃δ > 0 : ∀(x, y) ∈ D : 0 < ‖(x, y)− (a, b)‖ < δ =⇒ |f(x, y)− L| < ε

(b) We will prove that lim
(x,y)→(0,0)

x2y

x2 + y2
= 0. So we have to show

∀ε > 0 : ∃δ > 0 : ∀(x, y) ∈ R2 : 0 < ‖(x, y)− (0, 0)‖ < δ =⇒
∣∣∣∣ x2y

x2 + y2
− 0
∣∣∣∣ < ε

Pick ε > 0. Put δ = ε. Pick (x, y) ∈ R2 with 0 < ‖(x, y)‖ < δ. Note that ‖(x, y)‖ =
√
x2 + y2, |x| ≤ ‖(x, y)‖ and

|y| ≤ ‖(x, y)‖. Hence ∣∣∣∣ x2y

x2 + y2
− 0
∣∣∣∣ ≤ ‖(x, y)‖2 · ‖(x, y)‖

‖(x, y)‖2
= ‖(x, y)‖ < δ = ε �
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3. Prove that the series
+∞∑
n=1

√
n sin(xn)
x4 + n2

converges uniformly over R.

Proof : Pick n ≥ 1. Then for all x ∈ R, we have that

|
√
n sin(xn)| =

√
n | sin(xn)| ≤

√
n and x4 + n2 ≥ n2

Hence ∣∣∣∣√n sin(xn)
x4 + n2

∣∣∣∣ ≤ √nn2
=

1
n

3
2

for all x ∈ R

Since the series
+∞∑
n=1

1
n

3
2

converges (it’s a p-series with p =
3
2

), it follows from the Weierstrass M -test that the series

+∞∑
n=1

√
n sin(xn)
x4 + n2

converges uniformly over R. �

4. Let f : R→ (0,+∞) be a function such that f(x+ y) = f(x)f(y) for all x, y ∈ R.

(a) Find f(0).

(b) Prove that f(x− y) =
f(x)
f(y)

for all x, y ∈ R.

(c) Prove that f is continuous at 0 if and only if f is continuous over R.

Proof : (a) Putting x = y = 0, we find that f(0) = (f(0))2. So f(0) ∈ {0, 1}. Since f(0) ∈ (0,+∞), we have that
f(0) = 1.

(b) Substituting y = −x into the property for f , we find

1 = f(0) = f(x− x) = f(x)f(−x)

Since f(x) 6= 0, we get

f(−x) =
1

f(x)
for all x ∈ R

Substituting y = −y into the property for f , we get

f(x− y) = f(x)f(−y) = f(x)
1

f(y)
=
f(x)
f(y)

for all x, y ∈ R

(c) If f is continuous over R then clearly f is continuous at 0. So suppose that f is continuous at 0. Pick a ∈ R. We
need to show that f is continuous at a. So we need to prove :

∀ε < 0 : ∃δ > 0 : ∀x ∈ R : |x− a| < δ =⇒ |f(x)− f(a)| < ε

Pick ε > 0. Since f is continuous at 0, we have (recall that f(0) = 1 and that f(a) 6= 0) :

∃δ >: ∀x ∈ R : |x− 0| < δ =⇒ |f(x)− 1| < ε

f(a)

Pick x ∈ R with |x− a| < δ. Then |(x− a)− 0| < δ and so

|f(x− a)− 1| < ε

f(a)

12



By (b),

|f(x− a)− 1| =
∣∣∣∣f(x)
f(a)

− 1
∣∣∣∣ =

∣∣∣∣f(x)− f(a)
f(a)

∣∣∣∣ =
|f(x)− f(a)|

f(a)
<

ε

f(a)

Hence |f(x)− f(a)| < ε.
So f is continuous at a. Since a was arbitrary, we get that f is continuous over R. �

5. Let f : (a, b) → R be twice differentiable over (a, b) and x1 < x2 < x3 points in (a, b) with f(x1) > f(x2) and
f(x3) > f(x2). Prove that there exists a point c ∈ (a, b) with f ′′(c) > 0.

Proof : Note that f is continuous on [x1, x2] and differentiable on (x1, x2). Hence it follows from the Mean Value
Theorem that

f(x2)− f(x1)
x2 − x1

= f ′(y1) for some y1 ∈ (x1, x2)

Since f(x1) > f(x2) and x1 < x2, we get that f ′(y1) < 0.
Similarly, f is continuous on [x2, x3] and differentiable on (x2, x3). Hence it follows from the Mean Value Theorem
that

f(x3)− f(x2)
x3 − x2

= f ′(y2) for some y2 ∈ (x2, x3)

Since f(x3) > f(x2) and x2 < x3, we get that f ′(y2) > 0.
Note that x1 < y1 < x2 < y2 < x3. Since f is twice differentiable over (a, b), we get that f ′ is differentiable over (a, b)
and hence continuous on (a, b). So f ′ is continuous on [y1, y2] and differentiable on (y1, y2). It follows from the Mean
Value Theorem that

f ′(y2)− f ′(y1)
y2 − y1

= f ′′(c) for some c ∈ (y1, y2)

Since f ′(y2) > 0 > f ′(y1) and y1 < y2, we get that f ′′(c) > 0. �

6. Let f : [a, b]→ R be continuous and positive over [a, b]. Prove there exists a point c ∈ [a, b] with f(c) =
√
f(a)f(b).

Proof : We may assume that f(a) ≤ f(b). Then

f(a) ≤
√
f(a)f(b) ≤ f(b)

Indeed, since f is positive, we get

f(a) ≤
√
f(a)f(b) ⇐⇒ (f(a))2 ≤ f(a)f(b) ⇐⇒ 0 ≤ f(a)f(b)− (f(a))2 = f(a)(f(b)− f(a))

Similarly, we get that
√
f(a)f(b) ≤ f(b).

It now follows from the Intermediate Value Theorem that
√
f(a)f(b) = f(c) for some c ∈ [a, b]. �

7. For all n ≥ 1, let fn : [0, 1]→ R be continuous over [0, 1]. Suppose that the sequence 〈fn〉n≥1 converges uniformly
to some function f on [0, 1]. Prove the following :

∀ε > 0 : ∃N ∈ N,∃δ > 0 : ∀n ≥ N, ∀x, y ∈ [0, 1] : |x− y| < δ ⇒ |fn(x)− fn(y)| < ε

Proof : Pick ε > 0. Since the sequence 〈fn〉n≥1 converges uniformly to f on [0, 1], we get that

∃N ∈ N : ∀n ≥ N, ∀x ∈ [0, 1] : |fn(x)− f(x)| < ε

3
(∗)
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Since the sequence 〈fn〉n≥1 converges uniformly to f on [0, 1] and fn is continuous on [0, 1] for all n ≥ 1, we get that
f is continuous on [0, 1]. But [0, 1] is compact. Hence f is uniformly continuous on [0, 1]. So we get

∃δ > 0 : ∀x, y ∈ [0, 1] : |x− y| < δ =⇒ |f(x)− f(y)| < ε

3
(∗∗)

Pick n ≥ N and x, y ∈ [0, 1] with |x− y| < δ. Using (*) and (**), we get

|fn(x)− fn(y)| = |(fn(x)− f(x)) + (f(x)− f(y)) + (f(y)− fn(y))|

≤ |fn(x)− f(x)|+ |f(x)− f(y)|+ |fn(y)− f(y)|

<
ε

3
+
ε

3
+
ε

3

= ε �

8.(a) For all n ≥ 1, put fn : [0, 1]→ R : x→
n cos(x)
n+ ex

. Prove that the sequence 〈fn〉n≥1 converges uniformly on [0, 1].

(b) Calculate lim
n→+∞

∫ 1

0

n cos(x)
n+ ex

dx. Justify your answer!

Proof : (a) Put f : [0, 1] → R : x → cos(x). We prove that the sequence 〈fn〉n≥1 converges uniformly to f on [0, 1].
So we need to show :

∀ε > 0 : ∃N ∈ N : ∀n ≥ N, ∀x ∈ [0, 1] : |fn(x)− f(x)| < ε

Pick ε > 0. Let N ∈ N with N >
e

ε
. Pick n ≥ N and x ∈ [0, 1]. Then |ex cos(x)| = ex| cos(x)| ≤ ex ≤ e and n+ex > n.

Hence

|fn(x)− f(x)| =
∣∣∣∣n cos(x)
n+ ex

− cos(x)
∣∣∣∣ =

∣∣∣∣−ex cos(x)
n+ ex

∣∣∣∣ =
ex| cos(x)|
n+ ex

<
e

n
≤ e

N
< ε

(b) Since the sequence 〈fn〉n≥1 converges uniformly to f on [0, 1] and fn is continuous (and hence Riemann integrable)
on [0, 1], we have that

lim
n→+∞

∫ 1

0

fn(x) dx =
∫ 1

0

lim
n→+∞

fn(x) dx =
∫ 1

0

f(x) dx

Hence

lim
n→+∞

∫ 1

0

n cos(x)
n+ ex

dx =
∫ 1

0

cos(x) dx = [sin(x)]10 = sin(1) �

9. (a) State the definition of a Cauchy sequence.
(b) Suppose that 0 < a < 1 and 〈xn〉n≥1 is a sequence of real numbers with |xn+1−xn| < an for all n ≥ 1. Prove that
the sequence 〈xn〉n≥1 converges.

Proof : (a) The sequence 〈xn〉n≥1 is a Cauchy sequence if and only if

∀ε > 0 : ∃N ∈ N : ∀m,n ≥ N : |xm − xn| < ε

(b) We will prove that the sequence 〈xn〉n≥1 is a Cauchy sequence. Pick ε > 0. Let N ∈ N with N > loga(ε(1− a)).

Then aN < aloga(ε(1−a)) = ε(1− a) and so
aN

1− a
< ε. Pick m,n ∈ N with m,n ≥ N . If m = n then |xm−xn| = 0 < ε.
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So we may assume that m > n. Then

|xm − xn| = |(xm − xm−1) + (xm−1 − xm−2) + · · ·+ (xn+1 − xn)|

≤ |xm − xm−1|+ |xm−1 − xm−2|+ · · ·+ |xn+1 − xn|

< am−1 + am−2 + · · ·+ an

< an + an+1 + an+2 + · · ·

=
an

1− a

≤ aN

1− a

< ε

So the sequence 〈xn〉n≥1 is a Cauchy sequence and hence converges. �

10. Let (M,d) be a metric space.

(a) Let A ⊆M . State the definition of an open set. So

A ⊆M is open ⇐⇒ · · ·

(b) Let a ∈M and r > 0. Prove that the set B(a, r) := {x ∈M | d(a, x) < r} is open.

Proof : (a) A ⊆M is open if and only if

∀a ∈ A : ∃δ > 0 : ∀x ∈M : d(a, x) < δ =⇒ x ∈ A

(b) We need to prove : ∀y ∈ B(a, r) : ∃δ > 0 : ∀x ∈M : d(x, y) < δ =⇒ x ∈ B(a, r).
Pick y ∈ B(a, r). Then d(a, y) < r and so δ := r − d(a, y) > 0. Pick x ∈ M with d(x, y) < δ. it follows from the
Triangle Inequality that

d(a, x) ≤ d(a, y) + d(y, x) < d(a, y) + δ = d(a, y) + r − d(a, y) = r

Hence x ∈ B(a, r). �

11. Let A ⊆ R be compact and λ > 0. We define λA := {λx |x ∈ A}. Prove that λA is compact.

Proof : Recall that a set D is compact if and only if every sequence in D has a subsequence that converges to some
element in D.
Let 〈yn〉n≥1 be a sequence in λA. Then for all n ≥ 1, we have that yn = λxn for some xn ∈ A. Since A is compact, we
have that the sequence 〈xn〉n≥1 has a subsequence 〈xnk

〉k≥1 that converges to some element a ∈ A. Since ynk
= λxnk

for all k ≥ 1, we get that 〈ynk
〉k≥1 is a subsequence of 〈yn〉n≥1 that converges to λa, which is an element of λA.

Hence λA is compact. �

12. Let ∅ 6= S ⊆ R be bounded.

(a) Prove there exists a sequence 〈sn〉n≥1 in S that converges to supS.

(b) Is supS ∈ S?

15



Proof : (a) Put α = supS. Since α is an upper bound for S, we have

∀s ∈ S : s ≤ α (∗)

Since α is the smallest upper bound for S, we get

∀ε > 0 : ∃s ∈ S : α− ε < s (∗∗)

It follows from (**) that

∀n ≥ 1 : ∃sn ∈ S : α− 1
n
< sn

Combining with (*), we find

α− 1
n
< sn ≤ α for all n ≥ 1

Since lim
n→+∞

(
α− 1

n

)
= lim
n→+∞

α = α, it follows from the Pinching Theorem that lim
n→+∞

sn = α.

So 〈sn〉n≥1 is a sequence in S that converges to α = sup(S).

(b) NO : Put S = (0, 1). Then supS = 1 /∈ S. �
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Mathematics Department Qualifying Exam Spring 2006
Subject : Analysis Solutions

1. Prove that the series
+∞∑
n=1

n cos(nx)
ex + n3

converges uniformly over R.

Proof : Pick n ≥ 1. Then for all x ∈ R, we have that |n cos(nx)| = n| cos(nx)| ≤ n and |ex + n3| = ex + n3 ≥ n3.
Hence ∣∣∣∣n cos(nx)

ex + n3

∣∣∣∣ ≤ n

n3
=

1
n2

for all x ∈ R

Since the series
+∞∑
n=1

1
n2

converges (it’s p-series with p = 2) it follows from the Weierstrass M -test that the series

+∞∑
n=1

n cos(nx)
ex + n3

converges uniformly over R. �

2. (a) Let I be an interval, f : I → R a function and c ∈ I. State the ε-δ definition :

f is continuous at c if and only if . . .

(b) Use the definition you gave in (a) to prove that f(x) =
x

x2 + 1
is continuous at x = 1.

Proof : (a) f is continuous at c if and only if

∀ε > 0 : ∃δ > 0 : ∀x ∈ I : |x− c| < δ =⇒ |f(x)− f(c)| < ε

(b) Note that the domain of f is R and f(1) =
1
2

. So we need to prove

∀ε > 0 : ∃δ > 0 : ∀x ∈ R :
∣∣∣∣ x

x2 + 1
− 1

2

∣∣∣∣ < ε

Pick ε > 0. Put δ = min{1, 2ε}. Pick x ∈ R with |x− 1| < δ. Note that x2 + 1 ≥ 1 and δ2 ≤ δ since 0 < δ ≤ 1. Hence∣∣∣∣ x

x2 + 1
− 1

2

∣∣∣∣ =
∣∣∣∣2x− x2 − 1

2(x2 + 1)

∣∣∣∣ =
|x− 1|2

2(x2 + 1)
<

δ2

2 · 1
≤ δ

2
≤ ε �

3. Prove that the sequence
〈
n sin(n)
n+ 1

〉
n≥1

has a convergent subsequence.

Proof : Note that ∣∣∣∣n sin(n)
n+ 1

∣∣∣∣ =
n| sin(n)|
n+ 1

≤ n

n+ 1
< 1 for all n ≥ 1

Hence the sequence
〈
n sin(n)
n+ 1

〉
n≥1

is bounded. By the Bolzano-Weierstrass Theorem, the sequence
〈
n sin(n)
n+ 1

〉
n≥1

has a convergent subsequence. �

4. Prove that 1 + 2x ln(x) ≤ x2 for all x ≥ 1.

Proof : Put f(x) = x2 − 2x ln(x). We need to prove that

f(x) ≥ 1 for all x ≥ 1
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We easily get that

f ′(x) = 2x− 2 ln(x)− 2 and f ′′(x) = 2− 2
x

=
2(x− 1)

x
for all x ≥ 1

Hence
f ′′(x) ≥ 0 for all x ≥ 1

So f ′ is increasing on [1,+∞). Hence
f ′(x) ≥ f ′(1) = 0 for all x ≥ 1

So f is increasing on [1,+∞). Hence

f(x) ≥ f(1) = 1 for all x ≥ 1 �

5. (a) Calculate lim
x→0+

√
x ln(x).

(b) Prove that f(x) =
√
x ln(x) is uniformly continuous over (0, 1) (do not use the definition of uniform continuity).

Proof : (a) We easily get that
lim
x→0+

√
x ln(x) = 0 · (−∞)

Hence we rewrite the limit and use l’Hospital’s Rule :

lim
x→0+

√
x ln(x) = lim

x→0+

ln(x)
1√
x

H= lim
x→0+

1
x

− 1
2x
− 3

2
= lim
x→0+

(
−2x

1
2

)
= 0

(b) It follows from (a) that lim
x→0+

f(x) exists. Clearly, lim
x→1−

f(x) exists since f is continuous at x = 1. Hence f is

uniformly continuous on (0, 1). �

6. Calculate lim
n→+∞

n

∫ 1
n

0

cos(x2) dx. Justify your answer!

Proof : Pick n ≥ 1. By the Intermediate Value Theorem for integrals, we get that∫ 1
n

0

cos(x2) dx =
(

1
n
− 0
)

cos(c2n) for some cn ∈
(

0,
1
n

)
Hence

n

∫ 1
n

0

cos(x2) dx = cos(c2n)

Since 0 < cn <
1
n

for all n ≥ 1 and lim
n→∞

0 = lim
n→∞

1
n

= 0, it follows from the Pinching Theorem that 〈cn〉n≥1 → 0.

Since the function cos(x2) is continuous at x = 0 and 〈cn〉n≥1 → 0, we get that

lim
n→+∞

n

∫ 1
n

0

cos(x2) dx = lim
n→+∞

cos(c2n) = cos

((
lim

n→+∞
cn

)2
)

= cos(02) = 1 �

7. Let f : R→ R be differentiable over R. Prove that f is continuous over R.

Proof : Pick a ∈ R. Since f is differentiable at x = a, we get that

lim
x→a

f(x)− f(a)
x− a

= f ′(a)
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Hence

lim
x→a

(f(x)− f(a)) = lim
x→a

(
(x− a)

f(x)− f(a)
x− a

)
=
(

lim
x→a

(x− a)
)(

lim
x→a

f(x)− f(a)
x− a

)
= 0 · f ′(a) = 0

So lim
x→a

f(x) = f(a). Hence f is continuous at x = a. Since a was arbitrary, we get that f is continuous over R. �

8. For n ≥ 1, put

xn =
1

n+ 1
+

1
n+ 2

+ · · ·+ 1
2n− 1

+
1

2n

Prove that the sequence 〈xn〉n≥1 converges.

Proof : Pick n ≥ 1. Then

xn ≤ xn+1 ⇐⇒ 1
n+ 1

+
1

n+ 2
+ · · ·+ 1

2n− 1
+

1
2n
≤ 1

(n+ 1) + 1
+

1
(n+ 1) + 2

+ · · ·+ 1
2(n+ 1)− 1

+
1

2(n+ 1)

⇐⇒ 1
n+ 1

+
1

n+ 2
+ · · ·+ 1

2n− 1
+

1
2n
≤ 1
n+ 2

+
1

n+ 3
+ · · ·+ 1

2n+ 1
+

1
2n+ 2

⇐⇒ 1
n+ 1

≤ 1
2n+ 1

+
1

2n+ 2

⇐⇒ 1
2n+ 2

≤ 1
2n+ 1

⇐⇒ 2n+ 1 ≤ 2n+ 2

So the sequence 〈xn〉n≥1 is increasing.
Pick n ≥ 1. Note that the formula for xn contains n terms :

xn =
n∑
k=1

1
n+ k

Since n+ k ≥ n for k = 0, 1, . . . , n, we easily get that

xn =
n∑
k=1

1
n+ k

≤
n∑
k=1

1
n

= 1

Hence the sequence 〈xn〉n≥1 is increasing and bounded above (by 1). So the sequence 〈xn〉n≥1 converges. �

9. Let (M,d) be a metric space. We define d2 : M ×M → R : (x, y) → (d(x, y))2. Is (M,d2) a metric space? Prove
your answer!

Proof : NO : the Triangle Inequality fails. Consider R with the regular distance. Put x = 0, y = 2 and z = 1. Then

d(x, y) = |0− 2| = 2 , d(x, z) = |0− 1| = 1 and d(y, z) = |2− 1| = 1

Hence
d2(x, y) = 4 , d2(x, z) = 1 and d2(y, z) = 1

But

d2(x, y) = 4 6≤ 2 = 1 + 1 = d2(x, z) + d2(y, z) �
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10. Prove that f(x) =
x

x+ 1
is uniformly continuous over [0,+∞) using the definition of uniform continuity.

Proof : We need to prove

∀ε > 0 : ∃δ > 0 : ∀x, y ∈ [0,+∞) : |x− y| < δ =⇒ |f(x)− f(y)| < ε

Pick ε > 0. Put δ = ε. Pick x, y ∈ [0,+∞) with |x− y| < δ. Note that x+ 1 ≥ 1 and y + 1 ≥ 1. Hence

|f(x)− f(y)| =
∣∣∣∣ x

x+ 1
− y

y + 1

∣∣∣∣ =
∣∣∣∣ x− y
(x+ 1)(y + 1)

∣∣∣∣ =
|x− y|

(x+ 1)(y + 1)
<

δ

1 · 1
= δ = ε �

11. Let A = Q ∩ [0, 1]. Is A compact? Prove your answer!

Proof : Recall that a set A is compact if and only if every sequence in A has a subsequence that converges to some
element in A.
We can easily find a sequence 〈xn〉n≥1 in A that converges to some irrational number r (e.g. let xn be the rational

number we get by considering the first n digits of the decimal expansion of
1√
2

; so xn =
[

10n√
2

]
). Any subsequence of

〈xn〉n≥1 will converge to r. Hence A is not compact. �

12. Calculate lim
n→+∞

∫ 1

0

nx

n+ x3
dx. Justify your answer!

Proof : Put fn : [0, 1]→ R : x→ nx

n+ x3
for all n ≥ 1 and f : [0, 1]→ R : x→ x. We prove that the sequence 〈fn〉n≥1

converges uniformly to f over [0, 1]. So we need to prove

∀ε > 0 : ∃N ∈ N : ∀n ≥ N, ∀x ∈ [0, 1] : |fn(x)− f(x)| < ε

Pick ε > 0. Let N ∈ N with N >
1
ε

. Pick n ≥ N and x ∈ [0, 1]. Note that x4 ≤ 1 and n+ x3 ≥ n. Hence

|fn(x)− f(x)| =
∣∣∣∣ nx

n+ x3
− x
∣∣∣∣ =

∣∣∣∣ −x4

n+ x3

∣∣∣∣ =
x4

n+ x3
≤ 1
n
≤ 1
N

< ε

So the sequence 〈fn〉n≥1 converges uniformly to f over [0, 1]. Since fn is continuous (and hence Riemann integrable)
on [0, 1], we get

lim
n→+∞

∫ 1

0

fn(x) dx =
∫ 1

0

lim
n→+∞

fn(x) dx =
∫ 1

0

f(x) dx

So

lim
n→+∞

∫ 1

0

nx

n+ x3
dx =

∫ 1

0

x dx =
[

1
2
x2

]1
0

=
1
2

�
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Mathematics Department Qualifying Exam Fall 2005
Subject : Analysis Solutions

1. Let X and Y be sets and f : X → Y a function. Recall that f(A) = {f(a) | a ∈ A} for all A ⊆ X. Prove that f is
one-to-one on X if and only if f(A \B) = f(A) \ f(B) for all A,B ⊆ X.

Proof : Suppose first that f is one-to-one. Let A,B ⊆ X. Pick y ∈ f(A \ B). Then y = f(x) for some x ∈ A \ B.
So y = f(x) ∈ f(A). Suppose y ∈ f(B). Then y = f(x′) for some x′ ∈ B. Since f is one-to-one, we get that x = x′,
a contradiction since x ∈ A \B and x′ ∈ B. Hence y /∈ f(B) and so y ∈ f(A) \ f(B). Thus f(A \B) ⊆ f(A) \ f(B).
Let y ∈ f(A) \ f(B). Then y = f(x) for some x ∈ A since y ∈ f(A). But y /∈ f(B) and so x /∈ B. Hence x ∈ A \ B
and so y = f(x) ∈ f(A \B). Hence f(A) \ f(B) ⊆ f(A \B) and so f(A \B) = f(A) \ f(B).

Suppose next that f(A \ B) = f(A) \ f(B) for all A,B ⊆ X. Let x, x′ ∈ X with f(x) = f(x′). Suppose x 6= x′. Put
A = {x} and B = {x′}. Then

{f(x)} = f({x}) = f({x} \ {x′}) = f(A \B) = f(A) \ f(B) = f({x}) \ f({x′}) = {f(x)} \ {f(x′)} = ∅

a contradiction. Hence x = x′. So f is one-to-one. �

2. Prove that cos(x) ≥ 1− x2

2
for all x ≥ 0.

Proof : Put f(x) = cos(x) +
x2

2
. We need to prove that f(x) ≥ 1 for all x ≥ 0. We easily get that

f ′(x) = − sin(x) + x and f ′′(x) = − cos(x) + 1 for all x ≥ 0

Since −1 ≤ cos(x) ≤ 1 for all x ∈ R, we see that f ′′(x) ≥ 0 for all x ≥ 0. Hence f ′ is increasing on [0,+∞). So

f ′(x) ≥ f ′(0) = 0 for all x ≥ 0

Hence f is increasing on [0,+∞). So

f(x) ≥ f(0) = 1 for all x ≥ 0. �

3. (a) Let 〈~an〉n≥1 be a sequence in the k-dimensional Euclidean space Rk and ~a ∈ Rk. State the ε-N -definition :
〈~an〉n≥1 converges to ~a if . . .

(b) Let 〈~an〉n≥1 (respectively 〈~bn〉n≥1) be a sequence in Rk that converges to ~a ∈ Rk (respectively ~b ∈ Rk). To which
element of Rk does the sequence 〈2~an − 3~bn〉n≥1 converge? Prove your answer using the definition you stated in (a).

Proof : (a) The sequence 〈~an〉n≥1 converges to ~a if and only if and only if

∀ε > 0 : ∃N ∈ N : ∀n ≥ N : ‖~an − ~a‖ < ε

(b) We prove that the sequence 〈2~an−3~bn〉n≥1 converges to 2~a−3~b. Pick ε > 0. Since the sequence 〈~an〉n≥1 converges
to ~a and the sequence 〈~bn〉n≥1 converges to ~b, we have

∃N1 ∈ N : ∀n ≥ N1 : ‖~an − ~a‖ <
ε

5

∃N2 ∈ N : ∀n ≥ N2 : ‖~bn −~b‖ <
ε

5
Put N = max{N1, N2}. Pick n ≥ 5. Then it follows from the Triangle Inequality that
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‖(2~an − 3~bn)− (2~a− 3~b)‖ = ‖(2(~an − ~a)− 3(~bn −~b)‖ ≤ 2‖~an − ~a‖+ 3‖~bn −~b‖ < 2 · ε
5

+ 3 · ε
5

= ε �

4. Let f : R → R be a function such that f(x + y) = f(x) + f(y) for all x, y ∈ R. Suppose that f is continuous at
x = 0. Prove that f is continuous over R.

Proof : Putting x = y = 0, we get that f(0) = f(0) + f(0) and so f(0) = 0. Substituting y = −x, we get that
0 = f(0) = f(x − x) = f(x) + f(−x) and so f(−x) = −f(x) for all x ∈ R. Substituting y = −y, we get that
f(x− y) = f(x) + f(−y) = f(x)− f(y) for all x, y ∈ R.
Pick a ∈ R. We need to prove that f is continuous at x = a. So we need to show

∀ε > 0 : ∃δ > 0 : ∀x ∈ R : |x− a| < δ =⇒ |f(x)− f(a)| < ε

Pick ε > 0. Since f is continuous at x = 0, we have (recall that f(0) = 0) :

∃δ > 0 : ∀x ∈ R : |x− 0| < δ =⇒ |f(x)| < ε

Pick x ∈ R with |x− a| < δ. Then |(x− a)− 0| < δ and so

|f(x)− f(a)| = |f(x− a)| < ε

Hence f is continuous at x = a. Since a was arbitrary, we get that f is continuous over R. �

5. Let f : (a, b) → R be differentiable over (a, b) such that f ′ is bounded on (a, b). Prove that f is uniformly
continuous over (a, b).

Proof : We need to show that

∀ε > 0 : ∃δ > 0 : ∀x, y ∈ (a, b) : |x− y| < δ =⇒ |f(x)− f(y)| < ε

Pick ε > 0. Since f ′ is bounded on (a, b), we have

∃M > 0 : ∀x ∈ (a, b) : |f ′(x)| ≤M

Put δ =
ε

M
. Pick x, y ∈ (a, b) with |x−y| < δ. If x = y then |f(x)−f(y)| = 0 < ε. So we may assume that x 6= y, say

x > y. Note that f is continuous on [y, x] and differentiable on (y, x). Hence it follows from the Mean Value Theorem
that

f(x)− f(y)
x− y

= f ′(c) for some c ∈ (y, x)

Hence

|f(x)− f(y)| = |f ′(c)||x− y| ≤M |x− y| < Mδ = ε �

6. Let f : [1, 2] → [0, 4] be a continuous function such that f(1) = 0 and f(2) = 3. Prove that there exists c ∈ [1, 2]
such that f(c) = c.

Consider the function g : [1, 2]→ R : x→ f(x)− x. Then g is continuous on [1, 2], g(1) = f(1)− 1 = 0− 1 = −1 < 0
and g(2) = f(2) − 2 = 3 − 2 = 1 > 0. By the Intermediate Value Theorem, we get that g(c) = 0 for some c ∈ [1, 2].
Hence f(c) = c. �
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7. Evaluate lim
n→+∞

∫ 1

0

x

x2 + nex
dx. Justify your answer!

Proof : For n ≥ 1, put fn : [0, 1]→ R : x→ x

x2 + nex
and f : [0, 1] → R : x → 0. We will prove that the sequence

〈fn〉n≥1 converges uniformly to f on [0, 1]. So we need to show

∀ε > 0 : ∃N ∈ N : ∀n ≥ N, ∀x ∈ [0, 1] : |fn(x)− f(x)| < ε

Pick ε > 0. Let N ∈ N with N >
1
ε

. Pick n ≥ N and x ∈ [0, 1]. Then |x| = x ≤ 1 and |x2 +nex| = x2 +nex ≥ nex ≥ n.
Hence

|fn(x)− f(x)| =
∣∣∣∣ x

x2 + nex
− 0
∣∣∣∣ ≤ 1

n
≤ 1
N

< ε

Since the sequence 〈fn〉n≥1 converges uniformly to f on [0, 1] and fn is continuous (and hence Riemann integrable)
on [0, 1], we have that

lim
n→+∞

∫ 1

0

fn(x) dx =
∫ 1

0

lim
n→+∞

fn(x) dx =
∫ 1

0

f(x) dx

So

lim
n→+∞

∫ 1

0

x

x2 + nex
dx =

∫ 1

0

0 dx = 0 �

8. Prove that the series
+∞∑
n=1

1
n
e−nx converges uniformly over [1,+∞) to some function f . Find a closed form for

f ′(x).

Proof : For all n ≥ 1 and all x ∈ [1,+∞), we have that∣∣∣∣ 1ne−nx
∣∣∣∣ =

1
n
e−nx ≤ e−nx ≤ e−n

Since the series
+∞∑
n=1

e−n converges (it’s a geometric series with ratio e−1), it follows from the Weierstrass M -test that

the series
+∞∑
n=1

1
n
e−nx converges uniformly over [1,+∞) to some function f .

Put fn : [1,+∞)→ R : x→ 1
n
e−nx for all n ≥ 1. Note that f ′n(x) = −e−nx for all n ≥ 1. Moreover, for all n ≥ 1 and

all x ∈ [1,+∞), we have that
| − e−nx| = e−nx ≤ e−n

Since the series
+∞∑
n=1

e−n converges (it’s a geometric series with ratio e−1), it follows from the Weierstrass M -test

that the series
+∞∑
n=1

(
−e−nx

)
converges uniformly over [1,+∞) to some function g. Since the series

+∞∑
n=1

fn converges

uniformly on [1,+∞) to f and the series
+∞∑
n=1

f ′n converges uniformly on [1,+∞) to g, we have that f ′ = g on [1,+∞).

Hence

f ′(x) = g(x) =
+∞∑
n=1

f ′n(x) =
+∞∑
n=1

(
−e−nx

)
= − e−x

1− e−x
=

1
1− ex

for all x ≥ 1 �
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9. Let (M,d) be a metric space. For x, y ∈M we define e(x, y) = min{1, d(x, y)}. Prove that (M, e) is a metric space.

Proof : Pick x, y ∈M . Since 1 ≥ 0 and d(x, y) ≥ 0, we get that e(x, y) = min{1, d(x, y)} ≥ 0.
Also, e(x, y) = 0 ⇐⇒ min{1, d(x, y)} = 0 ⇐⇒ d(x, y) = 0 ⇐⇒ x = y.
Since d(x, y) = d(y, x), we have that e(x, y) = min{1, d(x, y)} = min{1, d(y, x)} = e(y, x).
Pick x, y, z ∈M . We need to prove the Triangle Inequality :

e(x, y) ≤ e(x, z) + e(z, y)

If d(x, z) ≥ 1 or d(z, y) ≥ 1 then e(x, z) = min{1, d(x, z)} = 1 or e(z, y) = min{1, d(z, y)} = 1; hence

e(x, y) = min{1, d(x, y)} ≤ 1 ≤ e(x, z) + e(z, y)

So we may assume that d(x, z) < 1 and d(z, y) < 1. Then by the Triangle Inequality, we get

e(x, y) = min{1, d(x, y)} ≤ d(x, y) ≤ d(x, z) + d(z, y) = min{1, d(x, z)}+ min{1, d(z, y)} = e(x, z) + e(z, y) �

10. Let 〈an〉n≥1 be a sequence of real numbers that converges to α ∈ R. Suppose that β ∈ R such that an ≤ β for all
n sufficiently large. Prove that α ≤ β WITHOUT using the Pinching Theorem.

Proof : Suppose that α > β. So α− β > 0. Since the sequence 〈an〉n≥1 converges to α, we have

∃N1 ∈ N : ∀n ≥ N1 : |an − α| < α− β

Since an ≤ β for all n sufficiently large, we know that

∃N2 ∈ N : ∀n ≥ N2 : an ≤ β

Pick n ≥ max{N1, N2}. Then an ≤ β and |an − α| < α− β. Hence

−(α− β) < an − α < α− β

So β < an, a contradiction.
Hence α ≤ β. �

11. Let a0, a1, . . . , an−1, an ∈ R such that
an
n+ 1

+
an−1

n
+ · · ·+ a1

2
+ a0 = 0. Put P (x) = anx

n + an−1x
n−1 + · · · +

a1x+ a0. Use the Mean Value Theorem (or Rolle’s Theorem) to prove that P (a) = 0 for some a ∈ (0, 1).

Proof : Put

f(x) =
∫ x

0

P (t) dt =
∫ x

0

(antn + an−1t
n−1 + · · ·+ a1t+ a0) dt =

an
n+ 1

xn+1 +
an−1

n
xn + · · ·+ a1

2
x2 + a0x

By the Fundamental Theorem of Calculus, we have that f ′(x) = P (x). Clearly, f is continuous on [0, 1] and differen-
tiable on (0, 1). Also, f(0) = 0 and f(1) =

an
n+ 1

+
an−1

n
+ · · ·+ a1

2
+ a0 = 0. Hence it follows from the Mean Value

Theorem that

0 =
0− 0
1− 0

=
f(1)− f(0)

1− 0
= f ′(a) = P (a)

for some a ∈ (0, 1). �

12. Let A,B ⊆ R be compact such that A ∩ B = ∅. Prove that there exists δ > 0 such that |a− b| ≥ δ for all a ∈ A
and all b ∈ B.

Proof : Put S = {|a− b| | a ∈ A, b ∈ B} and δ = inf S. Then we have
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1. ∀s ∈ S : δ ≤ s

2. ∀ε > 0 : ∃s ∈ S : s < δ + ε

Hence we get

∀n ∈ N : ∃sn ∈ S : δ ≤ sn < δ +
1
n

Since lim
n→+∞

δ = lim
n→+∞

(
δ +

1
n

)
= δ, we get that lim

n→+∞
sn = δ. For all n ≥ 1, we have that sn ∈ S and so sn = |an−bn|

for some an ∈ A and some bn ∈ B.
Since A is compact, we get that the sequence 〈an〉n≥1 has a subsequence 〈ank

〉k≥1 that converges to some element
a ∈ A. Similarly, since B is compact, the sequence 〈bnk

〉k≥1 has a subsequence 〈bnkl
〉l≥1 that converges to some element

b ∈ B. Since 〈ankl
〉l≥1 is a subsequence of the convergent sequence 〈ank

〉k≥1 (with limit a), we get that the sequence

〈ankl
〉l≥1 converges to a. Hence the sequence

〈∣∣∣ankl
− bnkl

∣∣∣〉
l≥1

converges to |a − b|. But it is also a subsequence of

the sequence 〈|an− bn|〉n≥1 = 〈sn〉n≥1 which converges to δ. So the sequence
〈∣∣∣ankl

− bnkl

∣∣∣〉
l≥1

converges to δ. Hence

δ = |a− b|. Clearly, δ ≥ 0. If δ = 0 then |a− b| = 0 and so a = b, a contradiction since a ∈ A, b ∈ B and A ∩B = ∅.
So δ > 0.
Pick x ∈ A and y ∈ B. Then |x− y| ∈ S and so |x− y| ≥ inf S = δ > 0. �
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Subject : Analysis Solutions

1. Let f : R→ R be an even and monotonic function. Prove that f is constant over R.

Proof : Pick x > 0. Then −x < 0 < x. Since f is monotonic, we get that either

f(−x) ≤ f(0) ≤ f(x) or f(−x) ≥ f(0) ≥ f(x)

But f(−x) = f(x) since f is even. Hence f(−x) = f(0) = f(x). So f is constant : f(y) = f(0) for all y ∈ R. �

2. Prove the ‘Ratio Test’ :

Let
+∞∑
n=0

an be a series of real numbers such that the limit L := lim
n→+∞

∣∣∣∣an+1

an

∣∣∣∣ exists. Then

(i) the series
+∞∑
n=0

an converges absolutely if L < 1.

(ii) the series
+∞∑
n=0

an diverges if L > 1.

Proof : (a) Suppose that L < 1. Let r ∈ R with L < r < 1. Then r − L > 0. Since lim
n→+∞

∣∣∣∣an+1

an

∣∣∣∣ = L, we get that

∃N ∈ N : ∀n ≥ N :
∣∣∣∣∣∣∣∣an+1

an

∣∣∣∣− L∣∣∣∣ < r − L

Pick n ≥ N . Then
∣∣∣∣∣∣∣∣an+1

an

∣∣∣∣− L∣∣∣∣ < r − L and so −(r − L) <
∣∣∣∣an+1

an

∣∣∣∣− L < r − L. Hence
∣∣∣∣an+1

an

∣∣∣∣ < r and so

|an+1| < r|an| for all n ≥ N

So
|an+2| < r|an+1| < r · r|an| = r2|an| for all n ≥ N

Continuing this way, we get that
|aN+k| ≤ rk|aN | for all k ≥ 0

Since the series
+∞∑
k=0

rk|aN | converges (it’s a geometric series with ratio r), it follows from the Comparison Test that

the series
+∞∑
n=N

|an| =
+∞∑
k=0

|aN+k| converges. Hence the series
+∞∑
n=0

an converges absolutely.

(b) Suppose L > 1. Let r ∈ R with 1 < r < L. Then L− r > 0. Since lim
n→+∞

∣∣∣∣an+1

an

∣∣∣∣ = L, we get that

∃N ∈ N : ∀n ≥ N :
∣∣∣∣∣∣∣∣an+1

an

∣∣∣∣− L∣∣∣∣ < L− r

Pick n ≥ N . Then
∣∣∣∣∣∣∣∣an+1

an

∣∣∣∣− L∣∣∣∣ < L− r and so −(L− r) <
∣∣∣∣an+1

an

∣∣∣∣− L < L− r. Hence
∣∣∣∣an+1

an

∣∣∣∣ > r and so

|an+1| > r|an| ≥ |an| for all n ≥ N
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Hence the sequence 〈|an|〉n≥N is strictly increasing. So

|an| ≥ |aN+1| > |aN | for all n > N (∗)

Suppose the series
+∞∑
n=0

an converges. Then lim
n→+∞

an = 0 by the Zero Test. Considering the limit as n → +∞ in (*),

we get that
0 = lim

n→+∞
an ≥ |aN+1| > |aN | ≥ 0

a contradiction. Hence the series
+∞∑
n=0

an diverges.

3. Define the function f : R→ R : x→

 1 if x =
1
n

for some n ∈ N

0 otherwise

(a) Show that f is not continuous at x = 0.

(b) Can you alter the definition of f(0) to make f continuous at x = 0? Justify your answer!

Proof : We will show that lim
x→0

f(x) does not exist. This implies that f is not continuous at x = 0.

Suppose lim
x→0

f(x) exists, say lim
x→0

f(x) = L. Since the sequence
〈

1
n

〉
n≥1

converges to 0, we get that
〈
f

(
1
n

)〉
n≥1

converges to L. But f
(

1
n

)
= 1 for all n ≥ 1 and so

L = lim
n→+∞

f

(
1
n

)
= lim
n→+∞

1 = 1

Since the sequence 〈0〉n≥1 converges to 0, we get that 〈f(0)〉n≥1 converges to L. But f(0) = 0 and so

L = lim
n→+∞

f(0) = lim
n→+∞

0 = 0

Hence 1 = L = 0, a contradiction.

(b) Suppose we can alter the definition of f(0) to make f continuous at x = 0, say the function

g : R→ R : x→
{
f(x) if x 6= 0
L if x = 0

is continuous at x = 0 for some L ∈ R. Since g is continuous at x = 0, we have that lim
x→0

g(x) = g(0) = L. Since

g(x) = f(x) for all x 6= 0, we have that lim
x→0

f(x) = lim
x→0

g(x) = L, a contradiction to (a).

Hence we can not alter the definition of f(0) to make f continuous at x = 0.

4. Give an ε-δ proof of the fact that the real function f(x) =
1
x

is continuous at x = 2.

Proof : Note that the domain of f is R \ {0} and f(2) =
1
2

. Hence we need to prove

∀ε > 0 : ∃δ > 0 : ∀x ∈ R \ {0} : |x− 2| < δ =⇒
∣∣∣∣ 1x − 1

2

∣∣∣∣ < ε
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Pick ε > 0. Let δ = min{1, 2ε}. Pick x ∈ R \ {0} with |x − 2| < δ. Since δ ≤ 1, we get that |x − 2| < 1 and so
−1 < x− 2 < 1. Hence 1 < x < 3 and so |2x| = 2x > 2. Hence∣∣∣∣ 1x − 1

2

∣∣∣∣ =
∣∣∣∣2− x2x

∣∣∣∣ =
|x− 2|
|2x|

<
|x− 2|

2
<
δ

2
≤ 2ε

2
= ε �

5. (a) Let f : [a, b] → R be bounded. Define what it means for f to be Riemman integrable over [a, b] using the
notions of upper and lower sums.

(b) Use your definition of part (a) to show that the function f : R→ R : x→
{

1 if x ≥ 0
0 if x < 0 is Riemann integrable

over any closed and bounded interval [a, b].

Proof : Let P = {a = x0, x1, . . . , xn = b} be a partition of [a, b]. For i = 1, 2, . . . , n, we put

mi = inf{f(x) |x ∈ [xi−1, xi]} and Mi = sup{f(x) |x ∈ [xi−1, xi]}

The lower and upper sums of f with respect to P are

L(f,P) =
n∑
i=1

mi(xi − xi−1) and U(f,P) =
n∑
i=1

Mi(xi − xi−1)

Note that L(f,P) ≤ U(f,P).

f is Riemann integrable over [a, b] if and only if

∀ε > 0 : ∃P : U(f,P)− L(f,P) < ε

(b) Suppose first that a ≥ 0. Pick ε > 0. Put P = {a, b}. Then m1 = inf{f(x) |x ∈ [a, b]} = 1 = sup{f(x) |x ∈
[a, b]} = M1. Hence L(f,P) = U(f,P) = b− a and so 0 = U(f,P)− L(f,P) < ε.

Suppose next that b < 0. Pick ε > 0. Put P = {a, b}. Then m1 = inf{f(x) |x ∈ [a, b]} = 0 = sup{f(x) |x ∈ [a, b]} =
M1. Hence L(f,P) = U(f,P) = 0 and so 0 = U(f,P)− L(f,P) < ε.

Suppose finally that a < 0 ≤ b. Pick ε > 0. Choose a < c < 0 with |c| < ε. Put P = {a, c, 0, b}. We easily get that

m1 = 0 , m2 = 0 , m3 = 1 , M1 = 0 , M2 = 1 and M3 = 1

Hence

L(f,P) = 0 · (c− a) + 0 · (0− c) + 1 · (b− 0) = b and U(f,P) = 0 · (c− a) + 1 · (0− c) + 1 · (b− 0) = b− c

Hence U(f,P)− L(f,P) = b− c− b = −c = |c| < ε.

So f is Riemman integrable over [a, b]. �

6. Let A ⊆ R and for all n ≥ 1, let fn : A → R be a function that is uniformly continuous on A. Suppose that the
sequence 〈fn〉n≥1 converges uniformly to f on A. Prove that f is uniformly continuous on A.

Proof : We need to show

∀ε > 0 : ∃δ > 0 : ∀x, y ∈ A : |x− y| < δ =⇒ |f(x)− f(y)| < ε

Pick ε > 0. Since the sequence 〈fn〉n≥1 converges uniformly to f on A, we have

∃N ∈ N : ∀n ≥ N, ∀x ∈ A : |fn(x)− f(x)| < ε

3
(∗)
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Since fN is uniformly continuous on A, we get

∃δ > 0 : ∀x, y ∈ A : |x− y| < δ =⇒ |fN (x)− fN (y)| < ε

3
(∗∗)

Pick x, y ∈ A with |x− y| < δ. The it follows from (*) and (**) that

|f(x)− f(y)| = |(f(x)− fN (x)) + (fN (x)− fN (y)) + (fN (y)− f(y))|

≤ |f(x)− fN (x)|+ |fN (x)− fN (y)|+ |fN (y)− f(y)|

<
ε

3
+
ε

3
+
ε

3
= ε �

7. Prove that ex > 7(x− 1) for all x ≥ 2.

Proof :
Put f(x) = ex − 7x. We need to prove that f(x) > −7 for all x ≥ 2. Note that

e2 > 2.72 = 7.29 > 7

We easily get that f ′(x) = ex − 7. Hence f ′(x) ≥ e2 − 7 > 0 for all x ≥ 2. So f is increasing on [2,+∞). Hence

f(x) ≥ f(2) = e2 − 14 > 7− 14 = −7 for all x ≥ 2. �

8. Let f : [a, b]→ R be continuous on [a, b] and differentiable on (a, b). Suppose f(a) = f(b) = 0 and that there exists
c ∈ (a, b) such that f(c) > 0. Prove there exist x1, x2 ∈ (a, b) such that f ′(x1) < 0 < f ′(x2).

Proof : Note that f is continuous on [a, c] and differentiable on (a, c). It follows from the Mean Value Theorem that

f(c)− f(a)
c− a

= f ′(x2) for some x2 ∈ (a, c)

Since f(c) > 0, f(a) = 0 and c > a, we get that f ′(x2) > 0.
Similarly, we have that f is continuous on [c, b] and differentiable on (c, b). It follows from the Mean Value Theorem
that

f(b)− f(c)
b− c

= f ′(x1) for some x1 ∈ (c, b)

Since f(c) > 0, f(b) = 0 and b > c, we get that f ′(x1) < 0. �

9. Let E ⊆ R and f, g, fn, gn : E → R be functions for all n ≥ 1 such that 〈fn〉n≥1 converges uniformly to f on E and
〈gn〉n≥1 converges uniformly to g on E. Suppose that f and g are bounded on E. Prove that 〈fngn〉n≥1 converges
uniformly to fg on E.

Proof : We need to prove

∀ε > 0 : ∃N ∈ N : ∀n ≥ N, ∀x ∈ E : |(fngn)(x)− (fg)(x)| < ε

Pick ε > 0. Since f and g are bounded on E, we get

∃M1 > 0 : ∀x ∈ E : |f(x)| ≤M1

∃M2 > 0 : ∀x ∈ E : |g(x)| ≤M2
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Since the sequence 〈fn〉n≥1 converges uniformly to f on E and the sequence 〈gn〉n≥1 converges uniformly to g on E,
we have

∃N1 ∈ N : ∀n ≥ N1,∀x ∈ E : |fn(x)− f(x)| < ε

2(M2 + 1)

∃N2 ∈ N : ∀n ≥ N2,∀x ∈ E : |gn(x)− g(x)| < 1

∃N3 ∈ N : ∀n ≥ N3,∀x ∈ E : |gn(x)− g(x)| < ε

2M1

Put N = max{N1, N2, N3}. Pick n ≥ N and x ∈ E. Since n ≥ N2, we have that |gn(x)− g(x)| < 1. Hence

|gn(x)| − |g(x)| ≤ ||gn(x)| − |g(x)|| ≤ |gn(x)− g(x)| < 1

So
|gn(x)| < |g(x)|+ 1 ≤M2 + 1

Hence

|(fngn)(x)− (fg)(x)| = |[fn(x)− f(x)]gn(x) + f(x)[gn(x)− g(x)]|

≤ |fn(x)− f(x)||gn(x)|+ |f(x)||gn(x)− g(x)|

≤ ε

2(M2 + 1)
· (M2 + 1) +M1 ·

ε

2M1

= ε �

10. Evaluate lim
n→+∞

∫ 1

0

cos
(
x2

n

)
dx.

Proof : For n ≥ 1, put fn : [0, 1]→ R : x→ cos
(
x2

n

)
. Put f : [0, 1] → R : x → 1. We prove that the sequence

〈fn〉n≥1 converges uniformly to f on [0, 1]. We need to show :

∀ε > 0 : ∃N > 0 : ∀n ≥ N, ∀x ∈ [0, 1] : |fn(x)− f(x)| < ε

Pick ε > 0. Since the sequence lim
n→+∞

1
n

= 0 and the function cos t is continuous at t = 0, we have that

lim
n→+∞

cos
(

1
n

)
= cos 0 = 1

Hence

∃N ∈ N : ∀n ≥ N :
∣∣∣∣cos

(
1
n

)
− 1
∣∣∣∣ < ε

Pick n ≥ N and x ∈ [0, 1]. Since 0 ≤ x2

n
≤ 1
n
≤ 1 and the function cos t is decreasing on the interval [0, 1], we get that

cos
(

1
n

)
≤ cos

(
x2

n

)
≤ cos 0 = 1

Hence ∣∣∣∣cos
(
x2

n

)
− 1
∣∣∣∣ = 1− cos

(
x2

n

)
≤ 1− cos

(
1
n

)
< ε

Since the sequence 〈fn〉n≥1 converges uniformly to f on [0, 1] and fn is continuous (and hence Riemann integrable)
over [0, 1], we have that

lim
n→+∞

∫ 1

0

fn(x) dx =
∫ 1

0

lim
n→+∞

fn(x) dx =
∫ 1

0

f(x) dx
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Hence

lim
n→+∞

∫ 1

0

cos
(
x2

n

)
dx =

∫ 1

0

1 dx = [x]10 = 1 �

11. Let f : [0, 1]→ R be continuous. Prove that lim
n→+∞

∫ 1

0

xnf(x) dx = 0.

Proof : Since f is continuous on [0, 1] and [0, 1] is compact, we have that f is bounded on [0, 1]. So

∃M > 0 : ∀x ∈ [0, 1] : |f(x)| ≤M

Pick n ≥ 1. Then
|xnf(x)| = xn|f(x)| ≤Mxn for all x ∈ [0, 1]

Note that xnf(x) is continuous on [0, 1] and hence Riemann integrable over [0, 1]. So

0 ≤
∣∣∣∣∫ 1

0

xnf(x) dx
∣∣∣∣ ≤ ∫ 1

0

|xnf(x)| dx ≤
∫ 1

0

Mxn dx =
[
Mxn+1

n+ 1

]1
0

=
M

n+ 1
for all n ≥ 1

Since lim
n→+∞

0 = lim
n→+∞

M

n+ 1
= 0, it follows from the Pinching Theorem that lim

n→+∞

∣∣∣∣∫ 1

0

xnf(x) dx
∣∣∣∣ = 0. Hence

lim
n→+∞

∫ 1

0

xnf(x) dx = 0 �

12. Let f : R→ R be continuous. Define g : R→ R : x→
∫ x3

x2
f(t+ x) dt. Calculate g ′.

Proof : Making the substitution u = t + x (so the old variable is t and the new variable is u), we easily get (using
some properties of integrals) that

g(x) =
∫ x3

x2
f(t+ x) dt

=
∫ x3+x

x2+x

f(u) du

=
∫ 0

x2+x

f(u) du+
∫ x3+x

0

f(u) du

= −
∫ x2+x

0

f(u) du+
∫ x3+x

0

f(u) du

= −F (x2 + x) + F (x3 + x)

where F (x) =
∫ x
0
f(u) du for all x ∈ R.

It follows from the Fundamental Theorem of Calculus that F ′(x) = f(x) for all x ∈ R. Using the Chain Rule, we get

g′(x) = −F ′(x2 + x) · (x2 + x)′ + F ′(x3 + x) · (x3 + x)′ = −(2x+ 1)f(x2 + x) + (3x2 + 1)f(x3 + x) �
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1. Consider the sequence
{
a1 = 1
an+1 =

√
2an + 3 if n ≥ 1

(a) Use induction on n to prove that 0 ≤ an ≤ 3 for all n ≥ 1.

(b) Prove that 〈an〉n≥1 is an increasing sequence.

(c) Deduce that 〈an〉n≥1 converges. Find lim
n→+∞

an.

Proof : (a) Clearly, 0 ≤ a1 ≤ 3. Assume that 0 ≤ an ≤ 3 for n = 1, 2, . . . , k for some k ≥ 1. Then

ak+1 =
√

2ak + 3 ≥ 0

and
ak+1 ≤ 3 ⇐⇒

√
2ak + 3 ≤ 3 ⇐⇒ 2ak + 3 ≤ 9 ⇐⇒ 2ak ≤ 6 ⇐⇒ ak ≤ 3

(b) Pick n ≥ 1. Then

an ≤ an+1 ⇐⇒ an ≤
√

2an + 3 ⇐⇒ a2
n ≤ 2an + 3 ⇐⇒ a2

n− 2an− 3 ≤ 0 ≤ (an− 3)(an + 1) ≤ 0 ⇐⇒ −1 ≤ an ≤ 3

Hence it follows from (a) that the sequence 〈an〉n≥1 is increasing.

(c) It follows from (a) and (b) that the sequence 〈an〉n≥1 is an increasing sequence bounded above by 3. Hence the
sequence 〈an〉n≥1 converges, say to L (so L = lim

n→+∞
an). Since

an+1 =
√

2an + 3 for all n ≥ 1

we can apply the limit as n→ +∞ to both sides. We get

L =
√

2L+ 3

Solving this for L (note that L ≥ 0) we easily get that L = 3. So lim
n→+∞

an = 3. �

2. Prove that 3
√

2 is irrational.

Proof : Suppose that 3
√

2 is rational. Then 3
√

2 =
a

b
where a, b ∈ N0 and gcd(a, b) = 1. Hence

2 =
(a
b

)3

=
a3

b3
and so 2b3 = a3

Thus 2|a3. So 2|a. Put a = 2k with k ∈ N. Then

2b3 = a3 = (2k)3 = 8k3 and so b3 = 4k3

Hence 2|b3 and so 2|b, a contradiction since 2|a, 2|b but gcd(a, b) = 1.
Hence 3

√
2 is irrational. �
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3. Prove or give a counterexample : If 〈Fn〉n≥1 is a sequence of closed subsets of R, then
+∞⋃
n=1

Fn is closed.

Proof : FALSE : Put Fn =
[

1
n
, 1
]

for all n ≥ 1. Then Fn is closed for all n ≥ 1. But

+∞⋃
n=1

Fn =
+∞⋃
n=1

[
1
n
, 1
]

= (0, 1]

which is not closed. �

4. Define g : R→ R : g(x) =
{

0 if x is irrational
x if x is rational

Find (with proof) all the points at which g is continuous.

Proof : First, we prove that g is continuous at x = 0. Since g(0) = 0, we need to prove

∀ε > 0 : ∃δ > 0 : ∀x ∈ R : |x− 0| < δ =⇒ |g(x)− 0| < ε

Pick ε > 0. Put δ = ε. Pick x ∈ R with |x| < δ. If x is irrational then g(x) = 0 and so |g(x)| = |0| = 0 < ε; if x is
rational then g(x) = x and so |g(x)| = |x| < δ = ε.

Next, we prove that g is discontinuous at every other point. So pick a 6= 0. Then we can find a sequence of rational
numbers 〈an〉n≥1 that converges to a and a sequence of irrational numbers 〈bn〉n≥1 that converges to a.
Suppose that g is continuous at a. Since lim

n→+∞
an = a and g is continuous at a, we have that lim

n→+∞
g(an) = g(a).

But an is rational and so g(an) = an for all n ≥ 1. So g(a) = lim
n→+∞

g(an) = lim
n→+∞

an = a. Since lim
n→+∞

bn = a

and g is continuous at a, we have that lim
n→+∞

g(bn) = g(a). But bn is irrational and so g(bn) = 0 for all n ≥ 1. So

g(a) = lim
n→+∞

g(bn) = lim
n→+∞

0 = 0. We get that a = g(a) = 0, a contradiction.

Hence g is not continuous at a. �

5. Let X,Y ⊂ R and f : X → Y a function. For B ⊆ Y , we define f−1[B] = {x ∈ X | f(x) ∈ B}.

Let I be an index set and Bi ⊆ Y for all i ∈ I. Prove that f−1

[⋂
i∈I

Bi

]
=
⋂
i∈I

f−1[Bi].

Proof : Let x ∈ X. Then we have

x ∈ f−1

[⋂
i∈I

Bi

]
⇐⇒ f(x) ∈

⋂
i∈I

Bi

⇐⇒ ∀i ∈ I : f(x) ∈ Bi
⇐⇒ ∀i ∈ I : x ∈ f−1[Bi]
⇐⇒ x ∈

⋂
i∈I

f−1[Bi]

So f−1

[⋂
i∈I

Bi

]
=
⋂
i∈I

f−1[Bi]. �
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6. (a) State the Mean Value Theorem.
(b) Use the Mean Value Theorem to prove the following :

Let f : (a, b)→ R be differentiable over (a, b). Suppose that f ′(x) = 0 for all x ∈ (a, b). Then f is constant
over (a, b).

Proof : (a) Let f be continuous on [a, b] and differentiable on (a, b). Then
f(b)− f(a)

b− a
= f ′(c) for some c ∈ (a, b).

(b) Suppose f is not constant over (a, b). Then f(x) 6= f(y) for some a < x < y < b. Note that f is continuous on

[x, y] and differentiable on (x, y). By the Mean Value Theorem, we get that
f(y)− f(x)

y − x
= f ′(c) for some c ∈ (x, y).

Since f ′(c) = 0, we get that f(x) = f(y), a contradiction.
Hence f is constant over (a, b). �

7. If A,B ⊆ R, we define A+B = {a+ b | a ∈ A, b ∈ B}. Prove that A+B is compact if A and B are compact.
hint : use the characterization of compact sets that involves sequences!

Proof : Recall that a set D is compact if and only if every sequence 〈dn〉n≥1 in D has a subsequence that converges
to some element in D.

Let 〈xn〉n≥1 be a sequence in A + B. Then for all n ≥ 1, we have that xn = an + bn for some an ∈ A and some
bn ∈ B. Since A is compact, we have that the sequence 〈an〉n≥1 has a subsequence 〈ank

〉k≥1 that converges to some
element a ∈ A. Since B is compact, we get that the sequence 〈bnk

〉k≥1 has a subsequence 〈bnkl
〉l≥1 that converges

to some b ∈ B. Since the sequence 〈ankl
〉l≥1 is a subsequence of the convergent sequence 〈ank

〉k≥1 (with limit a), we
get that the sequence 〈ankl

〉l≥1 converges to a. Hence the sequence 〈ankl
+ bnkl

〉l≥1 is a subsequence of the sequence
〈an + bn〉n≥1 = 〈xn〉n≥1 and it converges to a+ b, which is an element of A+B. So A+B is compact. �

8. Let f : D → R be uniformly continuous over D and 〈dn〉n≥1 a Cauchy sequence with dn ∈ D for all n ≥ 1. Prove
that 〈f(dn)〉n≥1 is a Cauchy sequence.

Proof : We need to show that

∀ε > 0 : ∃N ∈ N : ∀m,n ≥ N : |f(dm)− f(dn)| < ε

Pick ε > 0. Since f is uniformly continuous over D, we get

∃δ > 0 : ∀x, y ∈ D : |x− y| < δ =⇒ |f(x)− f(y)| < ε (∗)

Since the sequence 〈dn〉n≥1 is a Cauchy sequence, we have

∃N ∈ N : ∀m,n ≥ N : |dm − dn| < δ (∗∗)

Pick m,n ∈ N with m,n ≥ N . By (**), we get that |dm − dn| < δ. So it follows from (*) that |f(dm)− f(dn)| < ε. �

9. For n ≥ 1, we define fn : [0, 1]→ R : x→ x2 − x
n2

(a) Find the function f : [0, 1]→ R such that 〈fn〉n≥1 converges pointwise to f .

(b) Is this convergence uniform? Prove your answer!
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Proof : Put f : [0, 1]→ R : x→ 0. We prove that the sequence 〈fn〉n≥1 converges uniformly to f on [0, 1]. Then the
sequence 〈fn〉n≥1 converges of course also pointwise to f on [0, 1].
So we need to show

∀ε > 0 : ∃N ∈ N : ∀n ≥ N, ∀x ∈ [0, 1] : |fn(x)− f(x)| < ε

Pick ε > 0. Let N ∈ N with N >

√
2
ε

. Note that
2
N2

< ε. Pick n ≥ N and x ∈ [0, 1]. Then |x2 − x| ≤ |x2| + |x| ≤
1 + 1 = 2. Hence

|fn(x)− f(x)| =
∣∣∣∣x2 − x

n2
− 0
∣∣∣∣ =
|x2 − x|
n2

≤ 2
n2
≤ 2
N2

< ε �

10. Consider the series
+∞∑
n=1

x

n2 + x2
. Prove that this series converges uniformly on [0, 1].

Proof : Pick n ≥ 1. Then for all x ∈ [0, 1], we have that |x| = x ≤ 1 and |n2 + x2| = n2 + x2 ≥ n2; hence∣∣∣∣ x

n2 + x2

∣∣∣∣ ≤ 1
n2

for all x ∈ [0, 1]

Since the series
+∞∑
n=1

1
n2

converges (it’s a p-series with p = 2), it follows from the Weierstrass M -test that the series

+∞∑
n=1

x

n2 + x2
converges uniformly on [0, 1]. �

11. Let f : [a, b]→ R be continuous over [0, 1]. Suppose that f(x) ≥ 0 for all x ∈ [0, 1]. Prove that[∫ 1

0

f(x) dx
]2
≤
∫ 1

0

f2(x) dx

Proof : Pick n ≥ 1. Put Pn =
{

0,
1
n
,

2
n
, . . . ,

n− 1
n

, 1
}

. For i = 1, . . . , n, pick xi ∈
[
i− 1
n

,
i

n

]
. Note that f and f2

are continuous on [0, 1] and hence Riemann-integrable over [0, 1]. Since lim
n→+∞

‖Pn‖ = lim
n→+∞

1
n

= 0, we get that

∫ 1

0

f(x) dx = lim
n→+∞

R(f,Pn, xn) and
∫ 1

0

f2(x) dx = lim
n→+∞

R(f2,Pn, xn)

We easily get that

R(f,Pn, xn) =
f(x1) + f(x2) + · · ·+ f(xn)

n
and R(f2,Pn, xn) =

f2(x1) + f2(x2) + · · ·+ f2(xn)
n

Since f(xi) ≥ 0 for i = 1, 2, . . . , n, we get that

R2(f,Pn, xn) =
(
f(x1) + f(x2) + · · ·+ f(xn)

n

)2

≤ f(x1) + f(x2) + · · ·+ f(xn)
n

= R(f2,Pn, xn)

(the inequality between the arithmetic average and quadratic average). Considering the limit as n→ +∞, we get[∫ 1

0

f(x) dx
]2

= lim
n→+∞

R2(f,Pn, xn) ≤ lim
n→+∞

R(f2,Pn, xn) =
∫ 1

0

f2(x) dx �
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12. Let f, g : [0, 1] → R be continuous over [0, 1] such that f(0) ≤ g(0) and f(1) ≥ g(1). Prove that there exists
c ∈ [0, 1] such that f(c) = g(c).

Proof : Consider the function h : [0, 1] → R : x → f(x) − g(x). Since f and g are continuous on [0, 1], we get that
h = f − g is continuous on [0, 1]. Note that h(0) = f(0) − g(0) ≤ 0 and h(1) = f(1) − g(1) ≥ 0. It follows from the
Intermediate Value Theorem that h(c) = 0 for some c ∈ [0, 1]. Hence f(c) = g(c). �
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Mathematics Department Qualifying Exam - Solutions Spring 2009
Subject : Analysis

Instructions : Solve 8 of the following 12 problems :

1. (a) State the ε-δ definition of uniform continuity of a function f : I → R.
Solution: f is uniformly continuous on I if and only if for all ε > 0 there
exists a δ > 0, such that |x− y| < δ, x, y ∈ I implies |f(x)− f(y)| < ε.

(b) Consider the function f : (0, 1)→ R where f(x) = x2 for all x ∈ (0, 1). Use the
definition you gave in (a) to prove that f is uniformly continuous over (0, 1).

Solution: Let ε > 0 be given and set δ =
ε

2
. If x, y ∈ (0, 1) and |x − y| < δ,

then
|x2 − y2| = |(x+ y)(x− y)| < 2|x− y| < 2δ = ε,

and by part (a) we conclude that f(x) = x2 is uniformly continuous on (0, 1).

2. Prove that the series
+∞∑
k=1

sin(
√
k x)

k2 + x2
converges uniformly over R.

Solution: Note that ∣∣∣∣∣sin(
√
k x)

k2 + x2

∣∣∣∣∣ ≤ 1

k2 + x2
≤ 1

k2
, ∀x ∈ R.

Since
∞∑

k=1

1

k2
=
π2

6
< +∞, the Weierstrass M-test applies, and we conclude that the

indicated series converges uniformly on R.

3. Let P,Q be non-empty bounded subsets of R such that for each x ∈ P there exists
y ∈ Q with x ≤ y.

(a) Show that sup(P ) ≤ sup(Q).
Solution: Suppose not. Then supP > supQ. This implies that there is an
element p ∈ P such that supP ≥ p > supQ, which in turn gives p > q for all
q ∈ Q, a contradiction.

(b) Is inf(P ) ≤ inf(Q)? If true, prove the statement; if false, give a counterexample.
Solution: The answer is a resounding NO! For a counterexample, set P = [0, 1]
and Q = [−2, 2].

4. Evaluate lim
n→+∞

∫ 1

−2

e
x2

n dx. Justify your answer!

Solution: The limit is equal to 3, by interchanging the limit with the integral. One



can do this, because ex2/n → 1 uniformly on [−2, 1]. To see this, let ε > 0 be given.
Then ∣∣∣ex2

n − 1
∣∣∣ ≤ e

4
n − 1 < ε x ∈ [−2, 1], n� 1

since 4/n→ 0 and the exponential function is continuous on R.

5. Compute lim
(x,y)→(0,0)

x2y

x4 + y2
if it exists. If it does not exist, write DNE. Prove your

answer!
Solution: The limit does not exist. Along the curve y = x2, we get that the

quotient
x2y

x4 + y2
is constant 1/2. On the other hand

lim
(x,0)→(0,0)

x2y

x4 + y2
= 0.

6. Consider the function f : R→ R where

f(x) =

{
0 if x ∈ Q
x2 if x /∈ Q

(a) At which points in R is f continuous? Justify your answer!

(b) At which points in R is f differentiable? Justify your answer!

Solution: Standard arguments (using the definitions of continuity and differentia-
bility) show that f is continuous only at x = 0, and it is actually differentiable
there.

7. (a) State the Mean Value Theorem.
Solution: Let f be differentiable on an open interval I. For all a, b ∈ I with
a 6= b, there exists a c between a and b such that

f(b)− f(a)

b− a
= f ′(c).

(b) Let f : R→ R be differentiable over R such that f(0) = 1 and |f ′(x)| ≤ 1 for
all x ∈ R. Prove that |f(x)| ≤ |x|+ 1 for all x ∈ R.
Solution: By part (a), we have

f(x)− f(0)

x− 0
= f ′(c)

for some c between x and 0. It follows that for any x ∈ R we have∣∣∣∣f(x)− f(0)

x− 0

∣∣∣∣ =

∣∣∣∣f(x)− 1

x

∣∣∣∣ = |f ′(c)| ≤ 1,



and hence
|f(x)− 1| ≤ |x|, ∀x ∈ R.

Since |f(x)| − 1 ≤ |f(x)− 1|, we obtain |f(x)| ≤ |x|+ 1, as desired.

8. Let f : [0, 1] → R be continuous and positive on [0, 1] such that
∫ 1

0
f(x)dx = 0.

Prove that f(x) = 0 for all x ∈ [0, 1].
Solution: Suppose not. Then there is a point x0 ∈ [0, 1] such that f(x0) > 0. By
the sign preserving property of continuous functions, there exists ε > 0, such that

f(x) > 0 on I
def
= [x0 − ε, x0 + ε] ∩ [0, 1]. Let PI be a partition of [0, 1] that contains

the endpoints of I. Then L(PI , f) > 0, and since f is integrable on [0, 1], we have∫ 1

0

f(x)dx = L(f) = sup
P
L(P, f) ≥ L(PI , f) > 0,

a contradiction.

9. Put C =

{(
x

2
,
x+ 1

2

)
: 0 < x < 1

}
. Show that C is an open cover of (0, 1) and

that C does not contain a finite subcover of (0, 1).

Solution Given x ∈ (0, 1), it is contained in the open interval

(
x

2
,
x+ 1

2

)
, hence

C is an open cover of (0, 1). Now if CF is any finite subcover of C, then there is a

smallest xm ∈ (0, 1) such that

(
xm

2
,
xm + 1

2

)
∈ CF . Consequently,

xm

4
is not in any

of the sets contained in CF . Thus no finite subcover of C can be an open cover of
(0, 1).

10. For all x, y > 0 we define d(x, y) =

∣∣∣∣1x − 1

y

∣∣∣∣. Is d a metric on (0,+∞)? Prove your

answer!
Solution: The only mildly (and even that is a stretch) interesting property to check
is the triangle inequality, as d(x, y) is trivially non-negative, symmetric, and 0 if and
only if x = y. For the triangle inequality, simply calculate

d(x, y) =

∣∣∣∣1x − 1

y

∣∣∣∣ =

∣∣∣∣1x − 1

z
+

1

z
− 1

y

∣∣∣∣ ≤ ∣∣∣∣1x − 1

z

∣∣∣∣+

∣∣∣∣1z − 1

y

∣∣∣∣ = d(x, z) + d(z, y).

11. Let f and g be defined on [a, b] with g continuous, f ≥ 0, and f integrable. Show
that there exists a point x0 ∈ [a, b] such that∫ b

a

f(x)g(x)dx = g(x0)

∫ b

a

f(x)dx.



Solution: Since g is continuous on [a, b], it attains both its minimum and its

maximum there. Write gm
def
= minx∈[a,b] g(x) and gM

def
= maxx∈[a,b] g(x). Then

gm ≤
∫ b

a
f(x)g(x)dx∫ b

a
f(x)dx

≤ gM

hence by the Intermediate Value Theorem, there is an point x0 ∈ [a, b], such that

g(x0) =

∫ b

a
f(x)g(x)dx∫ b

a
f(x)dx

,

and the proof is complete.

12. Consider the sequence 〈an〉n≥1 defined by a1 = 1

an+1 = 3− 1

an

for all n ≥ 1

Prove that the sequence 〈an〉n≥1 converges.
Solution: We show that an is bounded and monotone. We prove the first assertion

by induction. We claim that 1 ≤ an ≤
3 +
√

5

2
. Since 1 ≤ a1 = 1 ≤ 3 +

√
5

2
, we

have our base case. Assume now that 1 ≤ an ≤
3 +
√

5

2
. Then

(?) 1 < 2 ≤ an+1 = 3− 1

an

≤ 3− 2

3 +
√

5
=

7 + 3
√

5

3 +
√

5
=

6 + 2
√

5

4
=

3 +
√

5

2
.

Next we show that an is monotone increasing. We start by noting that a1 = 1 <
a2 = 2. By the recursive formulation we see that an+1 > an if and only if

(†) a2
n − 3an + 1 < 0.

This happens precisely if
3−
√

5

2
< an <

3 +
√

5

2
. Since

3−
√

5

2
< 1, the bounds

exhibited in (?) assure that (†) holds. This completes the proof.
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